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Abstract

We study the problem of model selection with nuisance parameters present only under the
alternative. The common approach for testing in this case is to determine the true model
through the use of some functionals over the nuisance parameters space. Since in such cases
the distribution of these statistics is not known, critical values had to be approximated
through computationally intensive simulations. Furthermore, the computed critical values are
data and model dependent and hence cannot be tabulated. We address this problem by using
the penalized likelihood method to choose the correct model. We start by viewing the
likelihood ratio as a function of the unidentified parameters. By using the empirical process
theory and the Law of the Iterated Logarithm (LIL) together with sufficient conditions on the
penalty term, we derive the consistency properties of this method. Our approach generates a
simple and consistent procedure for model selection. This methodology is presented in the
context of switching regression models. We also provide some Monte Carlo simulations to
analyze the finite sample performance of our procedure.
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1. Introduction

Hypothesis testing plays a crucial rule in any statistical analysis. A difficulty arises
when the nuisance parameters are present only under the null hypothesis. This occurs,
among others, in tests for threshold type nonlinearities, tests for structural breaks and
in testing for the number of states in switching regression models. In such cases,
regular statistical testing methods fail due to the “flatness” of the likelihood function
rendering the standard chi-square tests inapplicable.

Davies (1977, 1987) was one of the first that analyze the problem of unidentified
nuisance parameters. His work suggests viewing the test statistic as a function of the
unidentified parameters, in order to apply the empirical process theory. The weakness
of Davies' test is that he did not derive the exact asymptotic distribution of his test
statistic but used bounds which may have a very low power in actual testing. Hansen
(1996) proposed a similar approach in the context of testing nonlinear terms in linear
regression models. His test statistic converges to a function of a chi-square process.
The critical values of his statistic are not known and have to be approximated by
computationally intensive simulations with complexity increasing in the dimension of
the unidentified parameter set. Furthermore, the distribution of the test statistic is data
and model dependent, which makes general tabulation impossible. Other aspects
related to this testing problem concern the choice of the functional over the nuisance
parameter space in order to obtain locally more powerful tests; see e.g. Andrews and
Ploberger (1994). The distributions of these tests are not known and have to be
derived in the same manner as discussed above.

Another approach is to use the Monte Carlo method to simulate the distribution of
the likelihood ratio. The idea is that given a sequence of observed data, we obtain the
likelihood ratio by estimating the model under the null and the alternative hypotheses.
We use our estimates of the model parameters under the null hypothesis, to generate
independent samples and obtain the likelihood ratio empirical distribution by fitting
the models, assumed under both hypotheses, to the simulated samples. The original
likelihood ratio is compared to quantiles from the empirical distribution. Such
methods were used by Feng and McCulloch (1996) for mixture models and by Lam
(1990) for Markov switching models.

There are, however, a few drawbacks to the use of this method. First, as mentioned

by Hansen (1992), there is no reason to assume that the finite sample distribution of



the likelihood ratio will be invariant to the unidentified parameters under the null
hypothesis. Second, Hansen (1992) and Hamilton (1990) claim that when the data are
generated under the null hypothesis, the likelihood function is ill-behaved with many
local maxima. This will lead to underestimation of the likelihood ratio, and the larger
the parameter set, the more likely that the tabulated likelihood ratio distribution will
be a lower bound for the true distribution. Third, the Monte Carlo simulation is a time
consuming procedure and when one needs to compare a set of models, it becomes
less and less appealing to use this method.

In this paper, we generalize the approach discussed in Nishii (1988) and Sin and
White (1996) and use the penalized likelihood method for selecting the correct model
among several competing models. In this approach to model selection, a term that
acts to penalize for model complexity is added to the likelihood function used to
estimate the parameters of the model. We then select the model that maximizes the
penalized likelihood function. As pointed out in Granger, et al. (1995), this method
avoids some problems of traditional hypothesis testing, such as the direction of the
hypothesis and the arbitrary choice of significance levels. They also noted that the
penalized likelihood method amounts to testing each model against all other models
by means of the standard likelihood ratio test and selecting that model which is
accepted against all other models, with the critical values determined by the penalty
term.

While the method we use resolves the model selection problem in a variety of
cases where the nuisance parameters are not identified under the null hypothesis, we
choose, without loss of generality, to present it within the context of a generalized
version of switching regression models. These models serve as tools to model data
dynamics, and are applied in several areas of empirical work. This class of models
has been proposed by Preminger et al. (2003a, 2003b) in which, a model with several
latent state variables is considered. In such a model the parameters are partitioned into
disjoint groups, each one of which is independently determined by a corresponding
state variable. These models were called the Extended Switching Regression (ESR)
models. The estimation of such models requires, in particular, the specification of the
number of states assumed by the latent variables. An important hypothesis that we
will address in this paper is the validity of the model structure i.e. the number of

states for each state variable, given the number of state variables.



Determining the number of states in a switching regression model, which is
equivalent to an ESR model with one state variable, is a difficult problem. One can
perform a formal test of the null hypothesis in which a process with N-1 states
generates the data against the alternative that it came from an N-states model.
Unfortunately, this hypothesis cannot be tested using the likelihood ratio test, with an
asymptotic chi-squared distribution, since under the null hypothesis the nuisance
parameters that describe the N-th state are unidentified. That is, the likelihood
function under the null hypothesis is non-quadratic and flat with respect to the
nuisance parameters at the optimum, therefore the score function is identically zero at
extreme points of the likelihood function and the information matrix is singular.

However, the difficulty associated with testing in these models is not just the
problem of unidentified nuisance parameters under the null. The difficulty, as was
pointed out by Andrews (1993), is that for mixture models or more generally
switching regression models with constant probabilities, the singularity problem
exists even if we fix the unidentified parameters. Jeffries (1998) showed that having
the state probabilities random and change over time is sufficient in order to overcome
the singularity problem, which validates the usage of the empirical process theory for
testing. We encounter the same singularity problem in the extended switching
regression models because they are nested in the switching regression models.
Therefore, we analyze in this paper, ESR models with time varying probabilities
which we denote by TV-ESR.

We specify general conditions under which the use of the penalized likelihood
method will lead to selecting the correct model with probability one (strong
consistency of selection), or with probability approaching one (weak consistency of
selection) as the sample size increases. Thus, our conditions will guarantee that the
correct latent structure of the TV-ESR model will be chosen.

This paper is organized as follows: in Section 2 we discuss the TV-ESR models
and define the structure vector that represents the model’s latent structure and the
penalized likelihood statistic we use for model selection. In Sections 3 and 4 we
address the consistency issue. Weak consistency is established using the empirical
process theory and strong consistency is established using the Uniform Law of the
Iterated Logarithm (ULIL). To illustrate the small sample performance of our
statistic, the findings of Monte Carlo simulations are reported in Section 5. Section 6

offers concluding remarks.



2. Basic Framework

In this section we describe the general set up and the TV-ESR model as well as the

penalized likelihood statistic used for model selection. More specifically, the observed

data is a realization of a stochastic process {Z, :QQ — R", t=1,2,...} on a complete

probability space (2,3, P,), where Q= x R" and J is the Borel o -field generated by

t=1
measurable finite dimensional product cylinders, and F, is the probability measure

governing the behavior of the data.

Assumption 1: The random vectors {Z,},_ are strictly stationary and ergodic.

Let 3, be the o -field generated by current and past Z,,ie. 3, =0(....Z,|,Z,),

~

1 ©3,...c 3. The vector Z, is partitioned into Z, = (¥,,X,) where Y, is

where 3 :

1
the dependent variable and X, is the 1x/ dimensional vector of explanatory
variables with v=1+/¢. We are interested in a parametric family of conditional
probability distributions indexed by w € ¥ < R?, a compact set and conditioned on
3,,=0(Z »Z,,X,), r <o, which is given by

g
{Pty’(y, |3, 5w) sweV |3, C S,}. These measures exist by Jirina’s theorem
(Bauer p.319, 1972) and our parametric models include explicitly a finite number of
lags. These conditional distributions also have Radon-Nikodym densities with

respect to the usual Lebsegue measure that is f(y, |w,,w)=dP"(y, lw,;y)/dv,
where w, denotes the variables that the analyst has chosen to explain or forecast y,
(these might include X, and lagged values of the dependent variables).

Let us assume that the data generating process is according to the TV-ESR model.
In this model, in each period, there exists a model selection procedure which picks a
specific parametric model. More specifically, in each point in time there are several

unobserved selection processes which are characterized by p independent selections

p
from the parameter sets {\¥,}such that ¥ = w '¥;. From each set ‘¥, we select one
i=1

element among k possible ones. The selection is random and dependent on the value



of the state variables {si} , which can assume only an integer value{l,...,k}. Let
{Pr(s: =jl Zil,%)}];:l be the probability distribution in the i-th selection procedure.

The state probabilities are not constant where the vector Z; contains explanatory

variables that affect the state probabilities and are made up of known measurable
functions of w,. y, €I, is the parameter vector, where the set I', is compact and
restricted to allow only time varying probabilities and these functions satisfy the
standard measurability and continuity requirements' on Z, xT,, for all i, .

Our analysis can be applied to a switching regression model by assuming

that p=1. Let ¢, ¢ ¥, c R" be a set of k distinct values chosen by s, where each
element of this set is denoted by ¢, with probability Pr(s' = j. 1Z,.7)

where j, € {1,...,k} . The conditional density of y, can be described by:

O f, Iw,ﬁ):Z---ZKHP«s,’ =i |Zzz§71)j'f(yt LW ds) = @ @y)

g=t =l i

O = (@115 esPriresPprseees@ s Visees ¥V ) ED C R" is the vector of the model
parameters. We define the likelihood function of the sample as

T
2) Ly (0) =) log f(y, 1w;:0)

1=
Next we define the structure vector as e =[k, ,...,k[,,d1 ,...,dp] . The first p
elements of this vector denote the number of values (states) in each ¢, and the last p
elements denote its dimension (dim(‘¥,) ).
For simplicity, we assume a priori that k; =k, 1<k<K,,, and

dy=d,=--=d,=1 thatis, p=dim(‘¥'). Thus, the structure vector can be written as

e=[k,...,k]e Z? . The case where k =1 corresponds to a scenario where the set of

parameters governing the data generation process is constant over time. When p =1

! The standard measurability and continuity requirements are defined as in Wooldridge (p. 2726, 1994)



and k£ >1 we get mixture models, or more generally, switching regression models with

k unobserved states. The TV-ESR model, previously described, with p state variables

corresponds to the general case of a p - dimensional structure vectore. Let ¢ be the

true structure generating the data.
Usually we do not have any information about the true structure vector and our

goal is to estimate the correct one from the set of all possible structure vectors,

E={e| e=(k,. . k)eZ?, |1£k <K,.} which we assume, contains the true

structure vector. The set E can be split into two sets. The first set consists of e<e",

where the true model is not nested in the alternative models. When e <e”, we

minimize the Kullback-Leibler information criterion (White (1982, 1984, 1994) and

Vuong (1983, 1989)). The second set consists of e >e” where the true model is
nested in the alternative models and some of the model parameters are not identified.

In this case, we divide the set of parameters into two disjoint sets &(e) =[6, (e), 6, (e)].
Let 6,(e) e ©,(e) R" be the parameters which are not identified when we assume

that the structure vector is “bigger” than the true one, 8,(e) € ®,(e) C R™ are the
other parameters (L, + L, = L), where O, (e), ©,(e) are compact sets.

For example, suppose the true model is f, = f(y, |w,, B,), thatis e =[1], and we
estimate a simple mixture of two parametric models f, = f(y, |w,f,) and
fr=f(0,1w.,pB,) with probability 7and 1-7x respectively, assuming the true
structure vector is e =[2]. In this case, some of the model parameters are not
identifiable and this means that f, has different representations with different
parameters
3) - fi+(=m)-fi=1-f,+0-f,

We see that under the restriction of no mixture, 7 might converge to one in which
case [, can assume any value or, in another scenario, £, might converge to £, and

the probability is not identifiable. More generally, when e >e", part of the model
parameters will converge to values which will reduce the model's structure to a
structure equivalent to e , and in this case, some of the model parameters are not

identified as was shown in the example above.



For a given structure vector e, we consider a model with parameter space
©(e) and quasi-likelihood functions {f (y, | w,;6(e)): e € E, 8(e) € O(e), t =1,2,...}.

For any e € E define the likelihood function:

T
4) Ly (6(e)) = D log f (v, 1 w;;6(e))

t=1

The maximum likelihood statistic is:
(5) Or . = MaXy(y)co(e) Ly (0(€)) = Ly (07 ()

where é(e) is the Maximum Likelihood Estimator (MLE). The penalized likelihood is

defined by subtracting a penalty term from the maximum likelihood statistic, yielding

what is called information criteria:
(6) IC,(e) =0y, —¢;,

The penalized likelihood statistic ¢ which estimates the true structure vector e is
the maximum of the penalized likelihood:

(7 ¢ =argmax,_, (IC,(e))

This process of model selection is justified by the need to balance the increase in fit
(more parameters yield a higher likelihood) obtained against the larger number of
parameters estimated for models with more state variables. Basically, such criteria
impose a penalty on the likelihood function that is related to the number of
parameters estimated. The usage of penalized likelihood statistics for model selection
was first introduced by Akaike (1973), who defined the Akaike Information Criterion
(AIC) in which the penalty term is equal to twice the number of additional parameters
estimated in the bigger model. Another popular criterion, which imposes an
additional penalty related to sample size, is the Bayesian Information Criterion (BIC),
developed by Schwarz (1978). The BIC is defined as the maximized likelihood plus a
penalty term, which is the logarithm of the number of observations, multiplied by the

number of additional parameters.



3. Weak Consistency of the Estimated Structure Vector

For our further discussions, we need the following assumptions:

Assumption 2: For all ¢ € E the functions f(y, | w,;8(e)) are positive and

measurable o(y,,w,) C 5, for every f(e)in O(e) R a compact set, and are

continuous on ®O(e) for each (y,,w,) as. By, forallt

Assumption 3: Forall ec E, where E={ec Ele<e’}, E(log f(y, | w,;0(e))) has

a unique maximum at 8 (e) in O(e).

Assumption 4: Forall ecE, llog f(y, |w,;0(e))| < m(y,,w,) forall 8(e) € O(e)

and for each (y,,w,) as. F,, and E(m(y,,w,)) <A <.

Assumption 5: The penalty term satisfies ¢, ;, > ¢, >0 for ¢ > e,

lim, Cr,=+%, ¢cp, = o(T).

Assumptions 1-3 are needed to establish the existence of a measurable quasi-
maximum likelihood estimate, which is uniquely identifiable. Assumption 4 imposes
a moment condition, by assuming the existence of a data-dependent upper bound on

log f(y, Iw,,0) that has a finite expectation. In the TV-ESR model, as in the SR

model with time varying probabilities, the true parameter set is not identifiable due to
“label switching”, i.e. the parameter set for which the likelihood function has the
same value, is not a singleton set. Therefore, the assumptions we made in this work
establish the existence and consistency of the penalized likelihood statistic in the
quotient topology. This topology is defined relative to the equivalence relation under
which two sets of parameters are equivalent if they define the same (penalized)
likelihood function (see Leroux (1992), Redner (1981) for the case of mixture

distributions). This framework allows us to identify the parameters which maximize



the likelihood function as a singleton set and simplifies our discussion. The next
lemma establishes that asymptotically the estimator ¢ does not underestimate the

number of states for each state variable.

Lemma 1: Given Assumptions 1-5 &> ¢" almost surely.

Proof: see Appendix.

In order to prove that é is weakly consistent, we will have also to establish that it

cannot overestimate the latent structure vector. We proceed to show first that for any

e>e” the likelihood ratio converges in distribution. However, when e > ¢* some of
the model parameters are not identified and we face the problem of singular
information matrix mentioned above. Our approach in this case would be to view the
likelihood ratio as an empirical process over the non-identified parameters. This
approach was used by Hansen (1992) to test the number of regimes in a Markov
switching model proposed by Hamilton (1989), and see also Andrews (1994) for the
econometric applications of empirical process theory.

. . . 2
Next, we need to introduce some more notations and assumptions”.

T
Let Ly (6,(e),0,(e)) = Zlog f(y, lw,;0,(e),0,(e)) denote the likelihood function

t=1

given the parameters 6, (e),0,(e) and D, (6,(e),0,(e)) denote the L, -vector of partial
derivatives of log f(y, | w,;6,(e),0,(e)) with respect to 6,(e), and

Df (0,(e),0,(e)) denote the L, x L, matrix of second partial derivatives with respect to

6,(e) . Let D, (0,(e),0,(e)) = iDt (6,(e),0,(e)) and

t=1

T
D7(0,(e).0,(e)) = >. D} (8,(e),0,(e)).. Let Oy (e,6;) be the maximum likelihood

t=1

estimator of 8, (e) for a fixed 6,(e) € ©,(e), i.e. the estimator satisfies:

Q) L, (e),éZT (€,6,)) =max, , o, L (6,(e),0,(e)) for 6,(e) €O, (e).

*
% Our next Assumptions will be assumed for all ¢ > e .



We denote by 9; (e) the true value of 6, (e) in which some of the model parameters

are not identified for e > e, i.e. Ly (6,(¢),05(e)) = Ly (6, (¢")) for all 6,(e), note that
the likelihood function does not depend on the nuisance parameters under the true

model structure. The likelihood ratio statistic is defined as:

9) LRy =20, — 0y ;) = 2-(6upg (e o) L (6,0), B (e,0,)) — Ly (B (7))

Assumption 3’:

(a) For every neighborhood @2 (e) c O, (e)of B5(e),

limy_,, inf@,(e)e@l(e) (E(y, lw,;6, (e),Hz* (e))— MaXy (6 (N0, (e) E(y, lw,;6,(e),0, (e))) >0
(b) 6, (e) is an interior point of ®, (e)

Assumption 6:
(@) L;(6,(e),0,(e)) is twice continuously partially differentiable in 6,(e) for all
6,(e) € ®,(e)and all ,(e) € O, (e).
(b) The elements of |810gf(yt lw,,0,(e),0,(e))]06,(e)-dlog f (y, | w,,6,(e),0,(e))/ 00, (e)'|
are dominated by P, -integrable functions independent of 8, (e) for all 8, (e) € O, (e)
c) For all 6,(e) € ©,(e) the elements of 15f (y, Iw,,6,(e)),0,(e)/ 661 and
10> f(y, 1x,,0,(e),0,(e)) 00, (e)- 00, (e)| are dominated by P, -integrable functions

independent of 6, (e) .

Assumption 7:

(a) LD (6,(¢).0,(e))—=—> E(D? (6, (¢).0, (€))). uniformly over 6, (e) € ®,(e) and
0,(e)eO,(e).

(b) The matrix E (D,2 (0,(e),0, (e))) is invertible, positive definite and continuous in
(0,(e),0,(e)) uniformly over O;(e)x®,(e)

Assumption 8: ﬁDT (6,(e),05 (e)) is asymptotically stochastically equicontinuous

10



The conditions above are sufficient to establish that the likelihood ratio is
uniformly bounded in probability. Assumption 3’ modified Assumption 3 to allow for
uniform identifiability on 6,(e). Assumptions 6-7 are standard assumptions that
impose moments and smoothness conditions that are commonly used to derive
consistency and asymptotic normality for the MLE V&, (e) € ®,(e). For a fixed
6,(e), Assumption 7(a) can be verified using the strong law of large numbers for
stationary and ergodic sequences. Uniform convergence over 6, (e) € ©,(e) can then
be obtained, e.g. by using results in Davidson (1994, pp.327-344). Note that
Assumption 7(b) does not hold even for a fixed value of &,(e) in switching

regression models or more generally in the ESR models with constant state variables

probabilities. The stochastic equicontinuity property, in Assumption 8, can be
deduced by assuming ﬁDT(@l(e),t%k (e)) satisfies Lipschitz-type sufficient

conditions, see, e.g. Andrews (1992). These assumptions are used to prove the

following lemmata.

Lemma 2: Given Assumptions 1, 2, 3’, 4 for e > ¢", é2T (e,0,) > 6’; (e) almost
surely, uniformly over O, (e).

Proof: see Appendix.
We will use lemma 2 and a Taylor expansion of the likelihood function in the

neighborhood of the identified parameters and the equicontinuity of the score

function to show that the likelihood ratio is bounded in probability

Lemma 3: Given Assumptions 1, 2,3°,4,6,7 for e >e”, LRy =0p(1)

Proof: see Appendix.

Given the results of the lemmata above, the following theorem establishes the

weak consistency (convergence in probability) of the penalized likelihood statistic.

Theorem 1: Given Assumptions 1,2, 3’, 4-8, éconverges to e in probability.

Proof: see Appendix.

11



4. Almost Sure Consistency of the Estimated Structure Vector

In this section we prove the strong consistency of the penalized maximum likelihood
statistic. We start by discussing additional sufficient conditions which guarantee the
selection of the true structure vector, with probability one. By lemma 1 we know that
¢ does not asymptotically underestimate the elements of the true structure vector.
Therefore, it remains to prove that ¢ does not asymptotically overestimate the

elements of the true structure vector. We will use the Uniform Law of the Iterated

Logarithm (ULIL) when e > ¢". The definition of the ULIL which will be used in this

work is as follows:

Definition: {u, : Qx® — R} is said to satisfy a ULIL on I' € @ if almost surely

T

Z(ut - E(u,)% = O(JTloglog(T))

t=1

limsupr_,, SUpger

In the context of model selection, the Law of the Iterated Logarithm (LIL) was first
applied by Nishii (1988) who showed that for nested but possibly misspecified
models of i.i.d. processes, the use of the penalized likelihood statistic leads to the
selection of a Kullback-Leibler (1951) optimal model, with probability one, as the
sample size increases. Sin and White (1996) generalized Nishii’s (1988) results to
dependent and heterogeneous processes. In our case, we have to prove that the

likelihood ratio is bounded almost surely uniformly on ©,(e), e.g. over the set of

parameters which is not identified when e >e", to obtain the strong consistency of

our statistic. Therefore we have to add the following assumptions:

Assumption 9: For all 6,(e) € ®,(e) the elements of D; (6,(e),0, (e)) satisfy the

ULIL on ©O,(e).

12



loglog(T) B

Assumption 10: The penalty term also satisfies lim;_, 0.

CT,e

Assumption 9 can be verified following Altissimo and Corradi’s (2002) approach,
i.e. first providing bounds valid pointwise for all 8, (e) € ®,(e) for the gradient of the
likelihood function via the LIL for martingale difference sequences, and then by
showing via a strong stochastic equicontinuity argument, that such bounds are also
valid uniformly over ©,(e). For example, we can use the results by Stout (1970) and
Assumptions 1 and 6(b) to show that for each value of the nuisance parameters, the
score D, (0,(e),0, (e)) satisfies the LIL. In order to obtain a strong stochastic
equicontinuity, we can assume that the score function will agree with the Lipschitz-
type sufficient conditions (see, e.g. Andrews (1992)). These conditions will be met if
we assume that the score function is differentiable almost surely at each point of

0O, (e), and that the gradient vector of the score function with respect to 6,(e) can be

bounded uniformly over ®,(e) and satisfy the LIL.

Lemma 4: Given Assumptions 1, 2, 3’, 4, 6(a), 7, 9, for e > ¢”,

. LR
limsupy_,,, SUP g, (¢)c0, (e) m =0()

Proof: see Appendix.

Theorem 2: Given Assumptions 1, 2, 3’, 4, 5, 6(a), 7,9, 10, ¢ converges to e almost surely.

Proof: see Appendix.

5. Simulation Results

We will illustrate the implications of our theoretical results and examine the
performance of our statistic in small samples and its sensitivity to different penalty
terms. We will consider the following time varying extended switching regression
model (TV-ESR), which we assume is the true data generating process:

(10) y, =a, + p.x, +&,

13



where {(5t ,xt)} are distributed as standard normal variables and s, ,s’ € {1,2} are

teN

unobserved independent state variables, which determine the value of coefficients

a,, B, . By this we mean:

f(y,|x,,0(1,,31) if S:=1,S,2=1
(11) v, lx, ~ flxe0.55) lf Stj 21,532:2

f(ytl‘xt’QZ’ﬂl) # Stzzyst :1

FOlx,00,8,) if 5222,33:2
and f(yt |xz’az’ﬂt): Zlmexp[_(yt -, _ﬂtxz)z/z].

Given the state variables, the unknown parameters in the model are [¢,, 5,] where

the state probabilities are not constant over time and are given by a logistic model:
(12) Pr(s; =UZisri:720) = Ay + Zyya) 5i=12

where for i =1,2, Z;, is distributed uniformly on [0,1] and [y,;,7,;] are unknown

model parameters. The true structure vector for this model is e* =[2,2], and we will

apply the penalized likelihood method to estimate the true structure vector among the

set E = {[1,1], [2,2], [3,3]}. When e =[L,1] the model is a linear regression model and

when e =[3,3] the model parameters are defined over two state variables where each

variable can assume three possible states according to the following probabilities:

(13) Pr(st’: =UZ,:7:72) = Ay +Z,72) =12, 1450
Pr(s, = 212370 720) = A+ 7y + 2,72 = Ay + 2 72:)

The maximum likelihood estimates of the models parameters were obtained by the
EM algorithm developed by Preminger et al. (2003b). This algorithm is known to
increase the likelihood at each step and reach a local maximum of the likelihood
function. Thus we start from a grid search of initial values and it remains to calculate
the maximum likelihood and subtract the penalty term from it. Note that there is a

wide range of penalty terms which satisfy Assumptions 5 and 10. We consider the

following function as a penalty term:

(14) Cr. =0.5-L-(logT)" b=05,1,15

where L is the number of parameters in the model concerned. Note that when b =1,
we use the common BIC as our statistic.

The performance of the penalized likelihood method has been assessed by looking

at several modifications of the model parameters, both due to changes of the distance

14



between the two components of the intercept and the slope, and due to changes of the
state probabilities. These modifications are based on the work done by Mendel et al.
(1991) and more recently by Lo et al. (2001), which examine the empirical
distribution of the likelihood ratio under a mixture assumption. Their results indicate
that this distribution depends on the spacing between the mixture components, sample
size and the mixing proportions. Therefore, we consider the following
parameterizations: DI =[a, =0.2,a, =0.6,5, =0.5, 3, =0.7]; and

D2=[a, =0.2,a, =1.0, 3, =0.5, 3, =0.9]; where in D2 we see that the distance between
the parameters under different states is much greater than the distances in D1. Under
each parameterization we will examine two configurations of the probabilities of the
state variables. In the first configuration, the logistic regression parameters are

S1=[y, =-0.1,5,, =0.2,7,,1 which implies that the probabilities of state variables vary

in the range 0.5+0.025. In the second case, the logistic regression parameters

are §2 =[y,, = -2,7,, =0.1,7,,1, which implies that the range of these probabilities

150.125+0.005.

We examined samples of 250, 500 and 1000 observations and in each Monte Carlo
exercise we used 30 replications. The results are reported in the following tables. For
a given sample size, we estimated the number of times we chose each model in the set
E, where the model selection procedure consisted of calculating the penalized

likelihood statistic given the value of b .

Table 1: Simulation results for the case S1

D1 D2
(L1  [2.2] [3,3] (11 2,21 [33]
T=250 b=05 22 5 3 0 29 1
b=1 27 0 3 4 23 3
b=1.5 30 0 0 28 2 0
T=500 b=0.5 17 11 2 0 29 1
b=1 27 2 1 0 30 0
b=15 28 0 2 16 12 2
T=1000 b=0.5 7 22 1 0 29 1
b=1 26 4 0 0 29 1
b=15 29 0 1 0 29 1
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The results of table 1 were calculated when the data was simulated under the
assumption that the probabilities of the state variables vary around half. The ability of
our statistic to detect the true structure model seems to be low for T=250 and T=500
in the case where the slope and the intercept are not well separated i.e. for the case of
DI1. The results improve for the case of D2 when the model parameters are further
apart. The performance of the penalized likelihood statistic is very sensitive to the
choice of the penalty terms, with more significant penalty terms leading to
underestimation of the value of the structure vector. For T=1000, and D2, all the
penalty terms lead to the true structure vector, while for D1, the results are improving

but are not satisfactory.

Table 2: Simulation results for the case S2

DI D2
[1,1] [2,2] [3,3] (1,11 [2.2] [3.3]
T=250 b=0.5 23 4 3 6 23 1
b=1 24 0 6 19 8 3
b=1.5 25 0 5 22 0 8
T=500 b=05 | 20 3 7 2 26 2
b=1 26 0 4 8 19 3
b=15 26 0 4 29 0 1
T=1000 b=0.5 16 12 2 0 29 1
b=1 28 0 2 4 25 1
b=1.5 30 0 0 24 5 1

In table 2, we consider the case when the state probabilities are around 12%,
which implies a very low separation between the states. Convergence of the penalized
likelihood statistic is very slow, for D1 and the results are an underestimate
forb =1.5and even for T=1000 it is very difficult for the statistic to separate the
model states. However, for D2, the results are better for all sample sizes, especially
forb =0.5. This implies that the use of the common BIC criterion (b =1) is not

optimal under any case, while the use of the penalty term when b =0.5 is more
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adequate due to its robustness under different cases and sample sizes, as was shown

in both tables.

6. Summary

This paper addresses the problem of selecting the correct structure of extended
switching regression models among several competing models. We use the penalized
likelihood method and derive conditions on the penalty term (with other regularity
conditions), which ensure the weak as well as the strong consistency of the penalized
likelihood statistic. The small sample behavior of our statistic is analyzed via Monte
Carlo simulations. The simulation results suggest our estimator converges to the true
structure as the sample grows, but the results are dependent on our selection of model
parameters and the range of the state variable probabilities, which are usually not

known to the analyst. The penalty term c¢; , can be interpreted as a critical value in an

implicit test of the hypothesis about the choice of the model with the true structure
vector. Therefore, the choice of the value for the penalty term may play an important

role in the performance of our statistic as was shown in our simulations study.

Appendix

Proof of Lemma 1:

For all e € E, given Assumptions 2, 4 we can define the Kullback distance between
the true model (e = e*) and e < e” for some O(e) as

1(0(e)) = E(log f (y, | w,:0" (¢ ) — E(log f (y, | w,30(e)) .

Define 1 (€) = max o co(e) | (6(e)) , Assumptions 2-4 ensure that I (e) attains its
minimum for the value 8" (e) for e <e” and T(e) >0, (see White (1994, pp. 53-54)).
By definition of the maximum likelihood, we have:

(A1) L0p, - EQog f(y, 1w;:0" (e ) =L L (0% (e)— Elog f(y, w360 ()

We use Assumptions 1 and 4 to apply the strong law of large numbers, to get almost

surely

(A.2) liminf;_,., =07, — E(log f(y, 1w;:0" (¢ ) >~ (e)
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Since the parameter set is compact, there exists a finite cover and we can divide O(e)
into m closed balls ®'(e),07 (e),...,0) (e), where 0," (e),0;" (e),...,0) (e) will be
an arbitrary sequence such that 8" (e) € ®"(e) N O(e). Let O(e, 0,0) be a closed
ball around € (e) where the distance between any two points in it, does not exceed

S >0 and let L(6(e)) = E(log f(y, 1w,;;6(e))). We see that

(A3) £0r, — L(0"(e") <max gc,, SUPg(eco (o) (% Ly (B(e)—L(O" (e ))

L Ly (00) ~ L0 @)+ max e, (L0 @)~ L0 (&)

= maXi<i<y SupH(e)eG), (e)

+ Ly (0(e)) — 5 Ly (6" (e))‘ +MaXg;c,y,

< MaX i<y SUPY(e)eO, (e) % Ly 8!" ()~ L©O!" (6))‘ +

MaX i< (Z 0" ()~ L(©" (" ))) S SUPy (¢)c0(e) SUPO(e)cO(e,5,0) ‘% Ly (0@) =4 Ly (0 (e))‘ -

+max<;<,,

L Ly (O] (€)= LO]" ()] + max g, L@ e)-Le )

Under Assumptions 1-4 we can apply the uniform strong law of large numbers, and from
Theorem 2 of Andrews (1992), we see that the likelihood function is strongly stochastically

equicontinuous on ®(e) and the likelihood function converges almost surely for all
0(e) € ©(e) . Therefore, by taking limsup from both sides of this inequality and letting &

approach zero, the first two terms in the last inequality go to zero and we get:

(A4) limsupy ., +0r, —L(0"(e")) < max;(—1(6" (¢))) < —min; (1(6" (¢))) < —I(e")
which implies that %QT’e — L@ (")) converges a.s. — f(e) . Using the same
arguments and Assumptions 1-4 we can also show that %QT, ., converges almost

surely to L(8" (e*)) . The rest of this proof is restricted to the event of probability one.

According to Assumption 5 and the fact I (¢) >0, forall e < e’ we get
(A.5) Or.—0r, <cr,—cr, = ICr(e) <ICr(e)

We conclude that liminfy_,., é>e" [J
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Proof of Lemma 2:

The existence of a measurable maximum likelihood estimator éZT (e,0,) for each

0, (e) € ©,(e) follows from Assumptions 1-2 and theorem 2.12 of White (1994, p.16).
Let Z(Hl(e), 0,(e)) = E(log(y, | w;;6,(e),0,(e))), using Assumption 3’(a) given any
neighborhood @2 (e) of 49; (e), there exists an ¢ > 0 such that,

limy ., infy ,)co, ) (£6,(e),63 () - max 0,c0, ()6, () L(01(€),0,() )>e>0

Thus,

(A.6) Pr (éZT (e, 671) €0,(e)\ O, (e), for some 671 (e))

< Pr (nmhw inf, o | L(0,(€).6; () — L(6(e),0,, (e,é))‘ > ¢, for some é’l(e))

L(6,(e),0; (e))— L(8,(e),b,, (e,6, ))‘ > ¢, for some 6, (e))

<Pr (limT_,a0 SUP g (10, ()
Since the event {x+ y > ¢}is contained in {x > &/2}U{y > &/2} we get
L(6,(e),6; (€) —+(L; (6, (€), 0,1 (€,6)))

<Pr (limTﬁoo SUpy () > el 2)+

<Pr (limT_m SUP,, o 1 L(6, (€), 0, (€,0,)) — L, (6,(e),0,, (e, 6, ))‘ > el 2)

<2-Pr (limhw SUD 10101 <0, 0| L (6, (€),05(€)) =+ Ly (6, (€),0,(€)) | 2 g/z)z 0

The last equality follows from the strong uniform convergence of the likelihood function,

which is implied under Assumptions 1, 2, 4, see, e.g. Wooldridge (p. 2651, 1994)). [I

Proof of Lemma 3:

In order to show that LR, = O, (1), note that the likelihood ratio is equal to
(A7) LRy =2- (Supgl(e)e@)](e) Ly (6,(e),0,7(e,0,)) — Ly (07 (e*)))

= 2-[5upg (ere0 (o) L (01 (€). Or (e,6)) — Ly (640), 03 () )+ 2- (L7 (0" (" ) — Ly (B e )

For simplicity we write éZT (e) instead of éZT (e,0)). We first try to find the

distribution Ly (6, (e),éZT (e))—LT(HAT (e*)) for a given 6,(e). From Assumptions
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6(a) and 3’(b) we can use the Taylor series expansion of + D, (6, (e),é2 (e)) around
0, (e) to get
(A8)  0==LD;(8,().0;(e)) +-L D7 (6,(e).0,(e)) (Orr () — 05 (e))

= LDy (6,(),05 () + E(D2(0,(¢),63 (€))- By (e) — 05 () +¢5
where & = [%D% (6,(e),0, () — E(th (6,(e),6, (e)))]- By (€)= 65 (e))

and 92 (e) lies on the chord between éZT (e) and 6 (e), Assumption 7 and lemma 2
imply that &, term is o(l) uniformly over O, (e).

Since

(A9) supg (e Er = Supg (o) DE (6, (e),05 () - E(D2(0,(e).03(e))) by (e)- 65 (e))'H

LD (6,(e).0,(e)) - E(Dt2 (6,().0, (e))]‘ "SUPg (e)

< Supgl (e) : (éZT (e) - H; (e))'H

LD} 0,(e).0,(e) ~ E(D? (60005 -supy )

<supg e (Oyr () -6, (@)‘H +

E(D,z (6 (e).0, (e)))— E(D,2 (61(0).6; (e))]\ *SUPg, )

SUPg ) O (&)~ 050
=o0(1)-0o(1)+o(1l)-o(1) =0(1) as.

where || denotes the matrix Euclidean norm. From Assumption 7(b) we see that:

(A10) VT (B (0)~03 () = |ED? 00003 'L D1610).65 )

From a Taylor expansion of Ly (6, (e), 8,7 (e)) around, 6, (¢) for a given 6, (e) , we obtain:
(A1) Ly (6;(€).0x1 ()~ Ly (6 (€),65 (€)) = Dy (6)(€). 65 (€)) - By (€)= 0 (e))'+

3(057(€)=0,(€))" D7 (6,(€).0,(€)) - (051 (¢) =605 (¢)) = =Dy (6,(0). 63 (€)) NT (G31 (¢) = 65 (e))'+

LT Dy (€) - 05 )| ED2 (0, (), 03 (e))NT Dz (0) - 03 (e)) + 67
where

61 =T (o () — 03 (@)L D} (04 (€),05(e)) — E(DZ (0, (6,03 ()| NT By ()~ 05 0))

Upon substituting <7 (87 (e) — 0, (¢)) and letting W, (6, (€)) = -=D;. (6, (¢).6; (¢)) , we

get
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(A12)  2-(Ly(6y(e),0xr () — Ly (6 (€),05 (€))) = 9 +57

where,

or =W, @, @|ED2©, .65 @) -] D36,(0).0: ()~ E[D2 010,05 1)}

[ED2 @6 Wi @en: 9 =Wr @@ |- ED 600,65 @) Wy (61 (e

In order to show the likelihood ratio converges in distribution, we need to establish that

the empirical process Wr(6,(e)) is uniformly bounded in probability. Assumptions 1

and 6(c) imply that D, (6, (e),t9; (e))is a stationary ergodic martingale difference, to

which the central limit theorem is applied pointwise given Assumption 6(b). Hence, from

lemma 4.5 of White (2001, p.67)), Wy (6,(e)) = O, (1) for all 6 (e) . For n >0 and given
the compactness of ®,(e), let {S(Hlj (e),n7) j=1,...,J)be a finite cover of ©®,(e)

centered at 8/ (e). Then,
(A.13) Plsupg erco, o) [Wr (61(e)] > €)

Wy (6, () — Wy (6 ()] > 5/2)+ P(max I HWT 0 (o) > g/z)

<P (maX j=1,....J SUPG (e)eS(8/ (¢))

< P(max j=i

- Supy,(e)es(y,f(e))

j=

W, (6, (e)) =W, (6] ()] > g/2)+ P[U {HWT A }> el 2]

W, (6,(e) - W, (6 (&) > £/2)+ i P(|w, @ @)]>12)

J=1

< P(max i

L.t Supgl(e)eS(H,j(e))

Assumption 8 and the pointwise convergence of W; (6, (e)) for each ;(e) € ®;(e) imply

(A.14) limsupy_,, PlSupg erco, o) [Wr (61 (@) > )< &

This result and Assumption 7 imply that & is O »D uniformly on ©,(e).
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We demonstrate this as follows (A.15)

—1

SUPg (¢) 197 || < SUPg (¢) W7 (6 (e)) - SUPg (¢) [— E(th (6, (e),05 (e)))] “SUPy (¢) Wy (6, (e))|

=0,)-0()-0,(1) =0, (1)

In a similar way we can show that sup, , .o (, 57 =0, (1), hence:

(A.16) 2-(supg (00 (o) L (01 (), 07 (€)) — Ly (8, ().05 ()= 0p () + 0, (1)
It’s obvious that

A1) 20 @) - L @r )= 0p00),

See e.g. White (1982, 1994)), because for e = ¢’ the model parameters are identified.

Therefore,

(A.18) LR, =2- (Supgl(e)e(a](e) Ly (6,(e),0,7(e)) — Ly (B (e*)))

= 2-[5upg (00 (o) L (01 (€), 07 (€)) — Ly (640), 03 () J+ 2- L7 (0" ("))~ Ly (B (e*)

=0,(H+0,(H)+0,)=0,() ]

Proof of Theorem 1:

Consider the probability of ¢ being greater than e”:
(A.19) Pr(e>e’)< Y Pr(e=e) < D Pr(IC,(e) >IC,(e"))

ecE\E ecE\E

where forall ec E\E

(A20) Pr (ICT (e)> ICy (e*))= pr| LRr | Cre
Cr e CT,e*

c
From Assumption 5 we know that [ Le _ 1] >0 and b — 0 and by lemma 3
c c

T,e" T,e*

we have LR; = Op(1). Therefore, for all e E\E, Pr(é=e) =0 in probability and

using lemma 1, we get that ¢ converges to e”in probability. []
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Proof of Lemma 4:

LR
In order to show thatlimsup;_,., supg \co (¢ ﬁ = O(1), note that the
oglog

likelihood ratio is equal to:
(A21) LRy =2- (Supgl(e)e@l(e) Ly (6,(e),0,7(e,0,)) — Ly (07 (e*)))

= 2-(5upg (010 (o) L (01(€), 07 (e,6)) — Ly (6,0), 03 (e) )+ 2- (L7 (07 (") — Ly (B (e )

From Assumptions 3’(b), 7(a), and by Taylor’s expansion of D, (8, (e),6,(e)) around

0, (e) , we see that:

-1 . y
(A.22) (w/T oglog T ) (@57 (€)= 0, (e)) =

~[E(D? 6, (00.6; )] ([T oglogT-) ' D, (6,(¢).6; ()
+ ([E(D,2 0,(e).0; ()] ~[E(D26,(e).0,(e)))| ) (JT1oglogT-) ' D, (6,().0; (e))

+ ([E(D,2 0,e).0,(e) )| = [D20,(e). 0, ()] ) (T loglogT-) ' D, (6,(e).65 (e))

Taking limsup of both sides, we see that lemma 2, the continuity of the matrix inverse
and Assumptions 7 and 9, imply that the second and the third terms converge almost
surely to zero, whereas Assumptions 7 and 9 imply that the first term is almost surely
bounded and we get:

(A.23)
limsupy_,., supg e, o) VT loglogT -(B,7 () — 85 (¢)) = O(HO() + o(HO1) + 0(HO() = O(1)

Next, from a Taylor expansion of L; (6, (e), éZT (e)) around, & (e) for

a givend, (e), we get:
(A24) Ly (6,(e),0x1(e)) — Ly (8, (), 05 (€) = (Byr (€) — 05 (€)) - Dy (8 (€),05 (€))
+1(0y7 (€)= 03(e))- D7 (6, (€).0(€)) - Oy () — 05 () =

(Br7 (e) — 05 (€)) - Dy (6, (e), 65 ()
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+ LT By () - 03 (0))- | D26, (1.8 (€)) — E(D2(0,(6).05 (e) | T Oy (e) 05 ()

+ LT By () - 03 () E(D2(6,(),05 (€) ) NT (o () - 65 (e))

By Assumptions 7 and 9 and lemma 2 and since (ézr (e)— 6’; (e)) =0( 7! loglogT) almost
surely uniformly in ©,(e), we get:

(A25) TMSUP7_yy SUP g o126 (o) L1 (61 (€), Ba (€)) — Ly (6, (e),65 ()))= Ologlog T)

We can show in a similar way as in Nishii (1988) or Sin and White (1996)) that

(A.26) 2~(1,[ 0" (e*)— Ly 6y (e*)))= O(loglogT)
hence, LR, = O(loglogT) .[]

Proof of Theorem 2:

Given lemma 1 it remains to prove that ¢ does not overestimate e” almost surely.

The event that & > e” is givenby Q" ={w e Qlé(w) >e"} c U{a)eQIé(a)) =e)}.

*
e>e

The event | J{w € Q1é(w) =€)} implies | J{w € Q1IC;(e) > IC,(e"))}, thus for any

* *
e>e e>e

.
e >e¢ we see that

- LR,  loglog(T) ¢r,
e loglog(T') c

. C. .
T,e T,e

(A2]) Q,—¢, >0, . —c, +1>0

LR,  loglog(T) _¢r. .| tends
loglog(T) c. . c

T.e T.e"

From Assumptions 5, 10 and lemma 5

> limsup,

almost surely to a strictly negative term.

Therefore, for ¢ > e , Pr(lim sup,_,.. IC,(e) > IC,(¢")) =0 which implies that

Pr{Q* }: 0. We conclude that é converges to e" almost surely. [
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