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Abstract

We use perturbation analysis to study independent private-value all-pay auctions
with weakly risk-averse buyers. We show that in all-pay auctions, risk aversion
makes buyers with low valuations bid less aggressively, particularly, less aggressively
than they bid in first-price auctions. On the other hand, risk aversion makes buyers
with high valuations bid more aggressively, in particular, more aggressively than
they bid in first-price auctions. Nevertheless, we show that from the buyer’s point

of view, the all-pay auction is dominated by the first-price auction.
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1 Introduction

Auction theory has dealt mostly with risk-neutral buyers since in this case there is an
explicit expression for the equilibrium bidding strategies that can be used in the analy-
sis. Dealing with risk-averse buyers in auctions, however, is a much more complex task
since the explicit expressions for equilibrium strategies in auctions with risk averse buyers
cannot be obtained except for very simple models.

Several studies on the classical auction mechanisms (first-price and second-price auc-
tions) with risk-averse buyers have appeared in the literature on auctions. In independent
private-value second-price auctions, risk aversion has no effect on a buyer’s optimal strat-
egy which is to bid her own valuation for the object. In independent private-value first-
price auctions, on the other hand, risk aversion makes buyers bid more aggressively (see
Maskin and Riley (1984)). Thus, since the (risk-neutral) seller is indifferent to the first-
price and second-price auctions when buyers are risk neutral,! she prefers the first-price
auction to the second-price auction when buyers are risk averse. However, the seller’s
preference relations for auction mechanisms with risk-averse buyers do not imply any-
thing about the buyers’ preference relations for these auctions, since under risk aversion
the combined revenue of the seller and the buyers is not a constant. Indeed, Matthews
(1987) showed that risk averse buyers with constant absolute risk aversion are indifferent
to first and second-price auctions, and that buyers prefer the first-price auction if they

have increasing absolute risk aversion and the second price auction if they have decreasing

'This result is derived from the Revenue Equivalence Theorem (Vickrey (1961), Myerson (1981), and

Riley and Samuelson (1981)).



absolute risk aversion.?

In contrast to the classical auction mechanisms, relatively little is known about risk-
averse buyers in all-pay auctions. Thus, the purpose of this paper is to study independent
private-value all-pay auctions from the point of view of risk-averse buyers. In the all-pay
auction as in the first-price auction, the highest bidder wins, but while in the first-price
auction only the highest bidder pays her bid, in the all-pay auction all the buyers pay
their bids.®> We consider a situation where initially all buyers are risk neutral (henceforth
referred to as the status quo), but afterwards the utility function of each buyer undergoes
a mild independent change such that her new utility function is concave, that is, buyers
become weakly risk averse. Then, we employ perturbation analysis, one of the most
powerful tools in applied mathematics, to calculate an approximation of the equilibrium
strategies of risk-averse buyers in auctions. As we shall see, such approximate solutions can
be very insightful for auctions with risk-averse buyers, making the sacrifice of ‘exactness’
worthwhile.

The paper is organized as follows. In Section 2 we calculate the equilibrium strategies of
risk-averse buyers in first-price auctions. From the expressions of the equilibrium strategies
we can immediately recover the well-known effect of risk aversion on the equilibrium bids,
namely, risk-averse buyers bid more aggressively than they bid in the status quo.

In Section 3 we show that the effect of risk aversion on the bids in all-pay auctions is

2This result was generalized first by Monderer and Tennenhltz (2000) to all k-price auctions and later

by Hon-Snir (2001) to the auction mechanisms for which the Revenue Equivalence Theorem holds.

3Several applications of all-pay auctions have been made to job-promotions competitions, R&D com-

petitions, political campaigns, political lobbying, sport competitions, etc.



quite complex. On one hand, a risk-averse buyer with a low valuation bids less aggressively
than she bids in the status quo. On the other hand, a risk-averse buyer with a high
valuation bids more aggressively than she bids in the status quo.

In Section 4 we compare all-pay auctions with first-price auctions from the risk-averse
buyers’ point of view. Intuitively, one can expect that as in the risk-neutral case, the
equilibrium bids of risk averse buyers in all-pay auctions should be lower than in first-price
auctions. We show that indeed in all-pay auctions low types bid less aggressively than
they bid in first-price auctions. Surprisingly, however, high types bid more aggressively in
all-pay auctions than they bid in first-price auctions. Thus, it is not clear in which auction
the (ex-ante) buyer’s expected utility is larger. Nevertheless, we show that, independent
of the distribution of the buyers’ valuations and the number of buyers, the expected payoff
of every buyer in the first-price auction is always larger than her expected payoff in the
all-pay auction. Consequently, a risk-averse buyer will prefer the first-price auction to
the all-pay auction. The dominance of the first-price auction from the buyers’ point of
view can be generalized to any auction mechanism in which the buyer pays part of her
bid whether or not she wins and she pays the rest of the bid only if she wins. However,
the seller’s preference relation among first-price and all-pay auctions under risk aversion

remains an open question.*

4Maskin and Riley (1984) showed that the seller’s expected payoff in the first-price auction is larger

than her expected payoff in the all-pay auction for some very special utility functions.



2 First-price auctions

Consider n buyers that compete to acquire a single object in a first-price auction. The
valuation of each buyer for the object v is independently distributed according to a dis-
tribution function F'(v) on the interval [v,7]. Each buyer places a bid b and the highest
buyer wins the object and pays her bid. Each buyer’s utility is given by the function
U(v — b), which is twice continuously differentiable, monotonically increasing, normalized
such that U(0) = 0, and satisfies U"” < 0 (i.e., risk-averse or risk-neutral buyers).

Since the equilibrium bid function b(v) is monotonically increasing (Maskin and Riley
(2000)), we can define the equilibrium inverse bid function as v = v(b). The maximization

problem of buyer ¢ with valuation v is given by
rngixVi = F" Y(v(b))U(v —b) .

Differentiating with respect to b gives

Vi

5 = (= DE T (0) (@) (U (v = b) = U'(v = H)F" (v(b)) = 0.

Therefore,

1 F(u(b)) U'(w(b) — b)

YO = T T 0®) Tw) = b)

(1)

where f = F' is the density. Since the lowest type v has zero utility, the initial condition

for equation (1) is given by



Equation (1) is exact in the risk-neutral case, i.e., U(z) = x. In that case this equation

can be solved explicitly as follows

brit(v) = v — %1(1)) /UU F"(s)ds . (3)

There are no such explicit solutions for a general utility function U. Hence, we consider

the case of weak risk aversion, i.e., when U is given by
U(r) =2 +eu(z) , ek 1. (4)

Thus, € is the risk aversion parameter and ¢ < 1 implies weak risk aversion. Note that
©(0) = 0 and u” < 0.
Under the assumption of weak risk aversion we can use perturbation analysis to obtain

explicit expressions of the equilibrium bid functions in first-price auctions as follows.

Proposition 1 The symmetric equilibrium bid function in a first-price auction with risk-

averse buyers is given by
bt (v) = bl (v) + b (v) + O(e?), (5)

where bl (v) is the risk-neutral equilibrium strategy (3),

_ b (v) w(vist(b) —
bis%v):—Fn_}(U) [ o) u'(v,%z%b)—b)——iliﬁ(éb))_bb) db, ()

and vl (b) is the inverse function of (3).

Proof: See Appendix A.
The expression for b1*'(v) can be rewritten as follows.
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Corollary 1

(o) = ul(v = brii(v)) = Fﬁ(v) | s - b s 7)

Proof. See Appendix B.

The “payoft” for the lengthy calculations which are needed to derive the explicit ex-
pression of the equilibrium bids in Proposition 1 is that it enables us to analyze the role
of weak risk aversion in first-price auctions and to derive some conclusions which, when
derived directly from the differential equation model (1), requires considerably more work.

The first consequence that we can obtain immediately from (6) is®

Corollary 2 In a first-price auction the equilibrium bid of every risk-averse buyer with

type v s larger than the equilibrium bid of a risk-neutral buyer with type v.

Proof. By the mean value theorem

u(vyy'(b) = b)

’LLI(UISt(b) o b) o Ulst(b) —

™m

=u"((1(0))Ga(b) , 0 < Gi(b) < Gob) S vlst(b) —b .

Thus, we can rewrite (6) as

_ byst (v)
) = [ T RO G060 ]

Since u” < 0, it follows that b}*'(v) > 0 for all v. [J
An immediate consequence of Corollary 2 is that the seller’s expected revenue is higher

in the case of risk aversion than in the risk-neutral case.

°This result has been established by Maskin and Riley (1984).



We now use the explicit expression obtained in Proposition 1 to analyze the effect of weak

risk aversion on the buyers’ ex-ante utility.

Proposition 2 The risk-averse buyer’s (ez-ante) payoff in a first-price auction is given

by

V() = Vi, + 8/U F ) (1 — F(v))u'(v — b (v)) dv + O(e?)

v

where Vi, = [T F"1(v) (v — bsH(v)) f(v) dv is the (ez-ante) expected payoff in the risk-

neutral case.

Proof: See Appendix C. []
By Proposition 2, we can observe the following sufficient conditions for the preference

relations among the buyers’ expected payoffs in the risk-neutral and risk-averse cases.
Corollary 3 In a first-price auction,

o [fu'(x) >0 for all x, then the risk-averse buyer’s (ex-ante) expected payoff is larger

than the (ex-ante) expected payoff of a risk-neutral buyer, i.e., V15¢(g) > V,,.

e Ifu'(x) <O for all x, then the risk-averse buyer’s (ex-ante) expected payoff is smaller

than the (ex-ante) expected payoff of a risk-neutral buyer, i.e., V15¢(g) < Vyp.

It is interesting to note that if u > 0, the expected utility of every risk-averse type is not
necessarily larger than her expected utility in the risk-neutral case. To see that, let us

consider the case where n = 2, F(v) = v, v € [0,1], u(z) = 2°(1 — z), and 0 < 3 < 1.



Then, b,(v) =v/2, u > 0 and u” < 0. From Proposition 2 we have that

Vi) -V, ~ € /U F*" ) (1 — F(v))u' (v — by (v))dv =

v

= [0 (5(3) " w0 (3)) ae

—e(1— 5% —4p)
20(6+1)(B+2)(6+3)

We can see that although u > 0, V1**(¢) < V,,, when 0 < 3 < /5 — 2.

3 All-pay auctions

Consider n buyers that compete to acquire a single object in an all-pay auction. The
valuation of each buyer for the object v is independently distributed according to a distri-
bution function F'(v) on the interval [v,7]. Each buyer submits a bid b and pays her bid
regardless of whether she wins or not, but only the highest buyer wins the object. The

maximization problem of buyer ¢ with valuation v is given by
mng} =F" Hud)U(v —b) + (1 — F™ Y(w(b)))U(-b).

Differentiating with respect to b gives

IV
b

= (n=DF" *w(0)f(w®)')U( —b) — U(-b)]

—F" LY (w(0)[U' (v — ) — U'(—b)] — U'(—b) = 0.

Therefore, the inverse bid function satisfies the ODE

F®)IU (0~ b) ~ U'(=b)
(= DS @)U —b) - U(-)]
. U'(-b)

(0= VP20 @)U~ b) - U0

9

v'(b) =




with the initial condition v(0) = v. As with first-price auctions, equation (8) is exact in

the risk-neutral case U(z) = z. In that case it can be solved explicitly and yields

b () = v F" Hw) — /U F"1(s) ds. 9)

There are no such explicit solutions for a general utility function U. As before, however,
we can use perturbation analysis to obtain an explicit solution for the case of weak risk

aversion.

Proposition 3 The symmetric equilibrium bid function in an all-pay auction with risk-

averse buyers is given by
0™ (v) = by (v) + b (v) + O(c?),
where b% (v) is the equilibrium bid in the risk-neutral case (9), and

bt (v) = u(=by () + F" () [u(v = by (v) — u(=byy (v)) (10)

— /U F Y (s)u/ (s — b2 (s)) ds.

v

Proof. See Appendix D. []
We can use the expression for b (v) to show that risk aversion affects low type buyers to

bid less aggressively.

Corollary 4 In an all-pay auction the equilibrium bid of a risk-averse buyer with low type

v 18 smaller than the equilibrium bid of a risk-neutral buyer with type v.

10



Proof. =~ We prove this result by showing that b$!(v) < 0 if v is sufficiently close to v.

To see that, we first note that from (9) it follows that
(b)) (v) = (n = DuF"*(0) f(v). (11)
Differentiating 09" (v) in (10) and using (11) yields
(") (v) = (n = DE">(0) f(v)S (v),
where
S(0) = —v | PP (w)ul (0 — B + (1= F2 (o)) (=) | + (o — 828) — (=2,

In order to complete the proof it is sufficient to show that S(v) < 0 if v is sufficiently close

to v. Indeed, in this case,
S() & —vu'(=b) + u(v — b)) — w(=by) = —v [t (=bpy) — u' ()],

where € (—=byp,v — by). Since x > —by,, the concavity of wu implies that u'(—b,,) —
u'(z) > 0. [
The following result shows that risk aversion affects high type buyers and low type buyers

quite differently.

Corollary 5 In an all-pay auction, the equilibrium bid of a risk-averse buyer with high

type v s larger than the equilibrium bid of a risk-neutral buyer with type v.

Proof. From Corollary 2 we have that b}*'(v) > 0. In addition, in Proposition 6 we
show that b§" (%) > b1**(7). Therefore, b (v) > 0. [

11



We now use the explicit expression obtained in Proposition 3 to analyze the effect of weak

risk aversion on the buyers’ ex-ante utility.

Proposition 4 The risk averse buyer’s (ex-ante) payoff in an all-pay auction is given by

VA =V +e / F"7 (o) (1 = F(v))u'(v = by (v) do + O(?).

v

where V., is the (ex-ante) expected payoff in the risk-neutral case.

Proof: See Appendix E. []

Proposition 4 implies that the result of Corollary 3 is also true for all-pay auctions:

Corollary 6 In an all-pay auction,

e Ifu'(x) > 0 for all x, then the risk-averse buyer’s (ex-ante) expected payoff is larger

than the (ex-ante) expected payoff of a risk-neutral buyer, i.e., v (e) > Vin.

e Ifu'(x) <0 for all x, then the risk-averse buyer’s (ex-ante) expected payoff is smaller

than the (ex-ante) expected payoff of a risk-neutral buyer, i.e., v (e) < Vin.

Similarly to the case of first-price auctions, it can be shown that if u > 0, the expected
payoff of every risk-averse buyer is not necessarily higher than her expected utility in the

risk-neutral case.

4 First-price auctions versus all-pay auctions

One way to gain insight into all-pay auctions is to compare them with first-price auctions.
Since in an all-pay auction a buyer pays her bid whether or not she wins and in a first-price

12



auction she pays only if she wins, it seems natural to expect that buyers will be more
careful (i.e., have lower bids) in all-pay auctions than in first-price auctions. Indeed, it is
well known that the bid of a risk-neutral buyer in an all-pay auction is smaller than her bid
in a first-price auction and we can expect this relation to be even stronger for risk-averse
buyers. However, as we show below the relation of bids in first-price and all-pay auctions

is not so simple.

Proposition 5 The equilibrium bid of a risk-averse buyer with low type v in an all-pay

auction is smaller than her bid in o first-price auction, that is,
b (v) < b'(v) for 0<v—-uv<1.

Proof. It is well known that in the risk-neutral case for every type v, b%(v) < bLst(v).
In addition, from Corollary 3 and Corollary 4 we have that for v sufficiently close to v,
bist(v) > 0 and b¥(v) < 0. [

The following result shows that risk-averse buyers in all-pay auctions bid more aggressively

than in first-price auctions.

Proposition 6 The equilibrium bid of a risk-averse buyer with high type v in an all-pay

auction is larger than in a first-price auction. In particular,
b (7) > b (D).

Proof: Since b (v) = bLt(v), it is sufficient to show that b¢"(v) > bi**(v). From (7)

and (10),



In addition, since b%'(v) > b%(v) for all v, by the concavity of u we have that u'(v —
b(v)) < u'(v — bt (v)). Hence, the result follows. [

We thus conclude that there is no dominance relation among the bids in first-price and
all-pay auctions. Nevertheless, first-price auctions dominate all-pay auctions from the

buyer’s point of view.

Proposition 7 The (ex-ante) expected payoff of every buyer in the first-price auction is

larger than her (ex-ante) expected payoff in the all-pay auction.

Proof. By the Revenue Equivalence Theorem, the expected payoff of a risk-neutral
buyer with valuation v is the same in first-price auctions and all-pay auctions. Thus, we
obtain that the difference between her expected payoffs in these auctions in the case where

all types are risk-averse is

Vit vt [T - P - 1) - o= B0) + O(e).

v

Since v — bt(v) < v — b (v) for all v and since u is concave, then u'(v — bLsf(v)) >

u' (v — b (v)) and therefore V15t — Vall > (0.0

5 Example

The results of the perturbation analysis are illustrated with the following example. Con-
sider two bidders where each bidder’s valuation is distributed on [0, 1] according to the dis-

tribution function F(v) = v®. Assume that each bidder’s utility function is U(z) = z—ez?.

14



0.5

p(v) |

Figure 1: Bids of risk-averse buyers (solid lines) and their explicit approximations (dotted

lines) in first-price and all-pay auctions.

From Proposition 1 we have that the equilibrium bid function in the first-price auction is
given by

(0% (67

blst —
) = I i rare s o

v? + O(g%). (12)
Similarly, from Proposition 3 we have that the equilibrium bid function in the all-pay

auction is given by

all 14+« o 24+a o 24+2a 2
_ - + . 1
b (v) v +e ( v + 1 v > O(e?) (13)

1+« 2+«

In Figure 1 we compare the approximations (12) and (13) with the exact bid functions
(i.e., the numerical solutions of equations (1) and (8), respectively), for the case a = 1
(i.e., uniform distribution) and € = 0.5. Although the risk-aversion parameter is not very
small, the agreement between the explicit approximations and the exact values is quite

15



remarkable. Such a good agreement was also observed in numerous other comparisons
that we carried out with different distribution functions and utility functions.

In Figure 2 we compare the (exact) bid functions in the risk-averse and risk-neutral case.
As predicted by the perturbation analysis, under risk aversion the bids increase for all
types in first-price auctions, whereas in all-pay auctions risk aversion lowers the bids of
the low types but increases the bids of the high-types. In particular, under risk aversion
the low types bid less aggressively in all-pay auctions than in first-price auctions, but the

high types bids more aggressively in all-pay auctions than in first-price auctions.

0.5+

p(v) |

Figure 2: Bids of risk-averse buyers (solid lines) and of risk-neutral buyers (dashed lines)

in first-price and all-pay auctions.
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A Proof of Proposition 1

We need the following Lemma,®

Lemma 1 Let v(b) be the inverse bid function in a first-price auction, which satisfies the
conditions of Proposition 1. Then, v(b) = v, (b) + ev1(b) + O(£?), where v,,(b) is the

inverse function of (3) and

) = et [ F ) [t - - =D

In addition, we note that if we differentiate with respect to e, the identity v = v(b(v;¢); )

and set ¢ = 0, we get that
V1 (brn (v)) + 0, (bra (0))b1 (v) = 0. (15)

Substitution of v; from (14) and v/, in (eq:bl_vl) completes the proof of Proposition 1.

]

A.1 Proof of Lemma 1
Substituting (4) in (1) yields

(b)) 1+ eu'(v(b) —b)

7 (0()) (0(8) = b+ =u(v() — b) (16)

We can write the equilibrium bid as v(b) = v, (b) + evi(b) + O(?), where v,.,(b) is the

inverse function of the risk-neural equilibrium strategy in first-price auctions (3). Note

6For clarity, we drop the superscripts Ist and all from the proofs.
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that, for clarity, we drop the superscript 1st. We first note that when ¢ < 1,

F(u(b)) = F(vm(b)) +evi(0)F (vra(b)) + O(?), (17)
F®) = flum (b)) +evi(b)f (vrn(b) + O(?),

cu(v(b) —b) = cu(vn(b) —b) + O(?),

cu'(v(b) —b) = e (vyn(b) — b) + O(2).

Substituting v(b) = v,,,(b) + cvy(b) + O(?) and (17) in (16) and expanding in a power

series in € gives,

(vrn)" (b) + € (v1) (b) =

1 F(Urn(b)) +5U1(b)f(vrn(b)) (1 —6Ul(b) f,(vrn(b))> >

1+ eu/ (vpp(b) — b v1(b) + u(vpp(b) — b 5
om(0) — b (1_5 o (D) — b ) +0[E) -

By construction, the equation for the O(1) terms is identical to the risk-neutral case and

thus, automatically satisfied. The equation for the O(g) terms is

o) () = b () [y ()—b)_vl()+U(vr(b) b)
WO = R e (ernt) |
1 , F(0p(0)) f' (03 (D)) 1 1 , 1
1O e ey -1 Y-
subject to the initial condition v;(v) = 0. This equation can be rewritten as
(01)" (b) +v1(b)A(D) = D(b) ,
where
. 1 F(Urn(b))f,(vrn(b)) _ F(Urn(b))
AP = G 7007 (( Fo) (1)+ 1000 (0 )
F (v, (b w(vp,(b) — b ' (v (D) — b
DO = o iy 0t e o)

19



The solution of this equation is

- Ern 7
v1(b) = ey A <C — i D(x)e_f:MAdx> ; (18)

where C'is a constant and by, = by, (v) = v — [ F" (s)ds is the maximal bid in the

risk-neutral case, which is obtained from (3). It can be verified that

ma S OF0n®) [ F ) ds
For(®)) [ Fr1(s) ds

Therefore lim eh”" 4 = 00. We thus conclude that €' = ff”‘ D(z)e~ [ A g, Therefore

b—v

_ F(vra (D)) ’ n-1(, o (v oy u(vrn(b) — )
) D o) [0 P15 >ds/v P om0 0t ) = 00

The proof is completed since in the risk-neutral case we have from (1) that v/ (b) =

(ni()”}("v(rbj)(b)) Um(;)fb), which combined with (3) gives that

! F" (v,,(D))
U (D) = 19
v (n = 1)f (vra(0)) [ Fr=i(s) ds (19)

B Proof of Corollary 1

After changing variables, from (6) we have,

b(v) = 1 /v F"—l(s)u(s — b (8)) dbpp(s) ds —

Fr=1(v) s — by () ds

1 1 B db,p, () .
pigy L e (o)

20



Substituting 22 — (n— 1)L (4 — b, (v)), (see (1)) in the first integral and integrating

n(v
dv

by parts gives

_ b "2(8) f(v)u(s — bpy(s 3—71 ' " Hs)u' (s — by (s
b = s [ PO 0l = ba(s)) ds = s [ s = ()
= “(”_br”(”))_ﬁ / F* ()l (5 — byu(5)) <1_db’§8(5)> s
1 — 1 ; dbyp(s)
_FTI(U)/Q F'(s)u(s — byn(s)) I ds

= w(w = by (v)) — Fn_11 o / " Fn () (5 — by (5)) d.

C Proof of Proposition 2

By (4), Vst = f; F=Yv) [v — b(v) + eul(v — b(v))] f(v)dv. If we substitute b(v) =

brn(v) 4 b1 (v) + O(e?) and expand in a power series in ¢ we get that

Vst — VrInSt +eG+ 0(62), G = /U Fn—l(v) [—b1 (U) + u(v — brn(U))] f(U) dv.

Substituting by (v) from (6) yields

v bralv) , w(vpp(b) — b
G- [ { ( [ o) [ -0 - =0 )
+F"Hw)u(v — bm(v))}f(v) dv.
In order to simplify the expression for G' we first note that

A= /Uwu) Y {_%] g Pt

T brn(U)
— (o (b) = b) / P (onn(b) (bl) b+
brn(v) b -
/ < / P (o (5)) (31) - Sds> W (v (B) — b) [ (B) — 1] db.

21
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From (3) we have that in a first-price auction

L ()
Urn(b) —b Jwﬁn(w }7”71(8)(18.

v

Using this relation and (19), we have that

ds

b 1 _ g FrHvya(s))
J P e = [ P e

= / (n — I)FR_Q(UM(5))f(vrn(5))vin(5) ds = Fn_l(vrn(b))-

v

Substituting this relation in the expression for A gives,

brn(v)
A= —u(v— b, (v))F" ' (v) + / F™" (0, (b)) (Vpn (b) — b) [0, (b) — 1] db.

v

Substituting this relation in (20), we have

_ /_ (/_ Fr () (5 — byn(s)) ds) F(v) du

- </UU Fr Y (s)u'(s — bm(s),ds> F(v) ' - /j F™(0)u' (v — by (v))do

v

[l brn(v)
G = / ( / F"1<vm<b>>u'<vm<b>—b)v;n(wdb) F(v) dv

_ / Frl(0)(1 = F(0))u! (v — b (v)) do.

v

D Proof of Proposition 3

Similarly to the first-price auction, we can write the equilibrium bid as v(b) = v, (b) +
ev1(b) + O(g?), where v,,,(b) is the inverse function of the risk-neural equilibrium strategy

in all-pay auctions (9). Note that, for clarity, we drop the superscript all. We first note
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that when ¢ < 1,

F(v(b)) = F(vr)+eviF (vm) + O(e?),

F®) = f(orm)+evif (vm) + O(E),

Uv(b) =b) = U(=b) = v(b) +elu(v(b) = b) — u(-b)]
= (D) + e[o1(D) + u(vyn(b) —b) — u(=b)] + O(e?),

U'(v(b) —b) =U'(=b) = e[u'(v(b) —b) — u'(=b)] = e[t/ (vyn(b) — b) — v/ (=b)] + O(=*).

Substitution in (8) and expanding in e, the equation for the O(1) is identical to the

risk-neutral case and thus, automatically satisfied. The equation for the O(e) terms is

() = F@(@WMw(w—w—u(bH+ u'(=b)
' (n = 1) f(vrn(0))vrn () (n = 1)F"2(0pn (b)) f (vrn (b)) vrn (b)
- (n — 2)uv(b) B vLf' (vrn (b))
(n = D)F" = (0pn(0))vrn(b) (0= 1) F"72(0,5, (b)) f2(0rn (b)) 0 (b)

[01(b) + w(vrn(b) = b) — u(=D)]
(n = 1) F"=2(0pn (b)) f (0rn (b)) 07, ()

subject to v1(0) = 0. Since, by (8),

1

O = G D D P @) )
the equation for v{(b) can be rewritten as
v1(b) + v1(b)B(b) = G(b) (22)

where

23



and

o) = %(b){ - [uwm(b) - u(—b>] (1 — 1) F" (05 () £ (0o ()1 (8) (23)
+ " (b)) (u'(vm(b) —b) — u’(—b)) + u’(—b)}.

The solution of (22) is given by

_ brn _
v1(b) = elv™ B <01 - / G(z)e” 2 B dx) :
b

where b,,, = b,,, (7). It is easy to verify that (see (21))

Thus, as b — 0, v, (b) — vand o™ B — co. Therefore it follows that (' = foir" Gx)e B dy

and thus,
b
() = t1a(b) [ Gl@)/fy(z) da
0
Since by (v) = —vy /vl (b) (see (15)) we get that
brn (v)
o == [ G iga(s)da.
0
Substitution of G' from (23) gives
bM(U) 1 !
o) = | (0 0) = 0) = u(=)] (P (00
0
—F" Y (v,,(D)) (u'(vm(b) —b) — u'(—b)) — u'(—b)} db.
A few more technical calculations completes the proof.
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E Proof of Proposition 4

In the case of weak risk aversion, the ex-ante expected utility for the buyers in equilibrium

is given by

v [ ’7 {F”_l(v)v Cb0) 4 e [F"—%v) (u(v = b(v)) — u(=b(v))) + u(—b(v»} }f(v) dv.

Using the relation b(v) = b, (v) + by (v) + O(e), we have

Vall:‘/;%l_g/ {b1 Fn L) (u(v = by (v)) — u(=bpn(v))) + u(— ]}f ) dv + O(£?).

Substituting (10) in the last equation and rearranging yields the result.

25



