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Abstract

We consider a political economy model of a country whose citizens have heteroge-
neous preferences for national policy. We call the country efficient if, due to increasing
returns to scale, its break-up into smaller countries leads to aggregate utility loss. It is
shown that in an efficient country whose citizens’ preferences exhibit a high degree of
polarization, a threat of secession cannot be eliminated without inter-regional trans-
fers. Thus, it can be the case that for a country with highly polarized population: (i)
a break-up is inefficient, (ii) it is impossible to avoid secessions without using trans-
fers, but (iii) proper compensation schemes may eliminate a threat of secession. We
also demonstrate that, if the majority voting is used to determine the shape of the
compensation schemes within the country, then a high degree of polarization yields a
nontrivial compensation scheme as the unique political equilibrium.
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1 Introduction

Public policies chosen through political process tend to generate unequal benefits to differ-
ent groups of individuals across country. Often, however, the variance of benefits is mitigated
by differential treatment of the citizens by the central authority. When a region or an ethnic
group is viewed as severely disadvantaged, it may receive financial support from the rest of
the country. Indeed, many federal countries have explicit transfers schemes to assist their
poorer regions, and even unitary countries employ this type of “solidarity mechanism” to
tackle imbalances across regions.! The European Union also employs a variety of transfer
mechanisms that channel contributions from one group of members to another.? While politi-
cians may often invoke the solidarity argument in order to reduce the disparity of regional
financial resources across the country, in many cases the preferential status and treatment
are granted to specific groups of citizens as a response of the central authority to (actual or
perceived) secession tensions in dissatisfied regions.

A secession sentiment can be driven by various reasons related to dissatisfaction with
the national policy, including conflicting views over minority rights, promotion and preser-
vation of distinctive local culture and language, disagreement over the redistributive tax
policies. For instance, in the last case, well-off regions that are designated as tax donors
may contemplate a threat of secession if they consider the financial “solidarity burden” to
be excessive. On the other hand, a less prosperous region may feel “disenfranchised” if the
subsidies it receives fail far short from the region’s needs and expectations. In all of the
above cases the secession tendencies are generated by heterogeneity of citizens’ preferences
for the optimal policy: the national choice can be very far from alternatives preferred by

certain regions. Since a seceding region has to incur substantial per costs of laying foun-

IThe examples include Russia, China, France, Italy, Belgium, Germany, Canada, Australia and many
other countries. See Ter-Minassian (1997), Ahmad and Craig (1997) and the country-specific chapters in the
same book.

2E.g., through the Common Agricultural Policy (CAP) program.



dations for the new country and running its administration, the breakaway tendencies are,
to some extent, countered by the economies of scale generated by being a united political
entity. However, even when economic efficiency unambiguously favors unity, the existence
of compensation mechanisms seems to indicate that the unity cannot always be sustained
without transfers.

This main objective of this paper is to examine the link between the necessity of transfer
policies as secession-preventing instruments, and the distribution of citizens’ characteristics,
i.e., their heterogeneous preferences for the public policy. It turns out that the key deter-
minant of whether transfers should be introduced is given by the degree of polarization of
citizens’ preferences.® Polarization is a form of division in a country, which consists of a
number of groups of citizens who are in sharp disagreement with each other and with the
central government. It is also recognized that “the phenomenon of polarization is closely
linked to the generation of tensions, to the possibilities of articulated rebellion and revolt”
(Esteban and Ray (1994)). Since these tensions may trigger or exacerbate separatist ac-
tivities, countering secession tendencies in polarized societies raises a difficult challenge for
central authorities there. But is it, in fact, the case that this challenge cannot be met without
transfers? And if so, are transfer policies capable of preventing a threat of secession? Our
paper gives an affirmative answer to both questions. We consider a polarized country “that
is divided into groups with substantial intra-group homogeneity and inter-group heterogene-
ity” (Esteban and Ray (1994)). We then show that there is a critical degree of polarization,
above which a break-up of a country, that should stay united on pure economic efficiency
grounds, cannot be prevented without transfers, but can be avoided using them. Thus, an
appropriate transfer mechanism can be considered as a policy instrument to resolve tensions
and conflicts within the country.

To describe our results we introduce two major concepts, efficiency and stability of a

3The particular measure of polarization that we employ is due to Alesina, Baqir and Easterly (1999).
This index quantifies the “median deviation” from the preferences of the median citizen.



country. The country is efficient if, regardless of heterogeneity of citizens’ preferences over the
policy, the aggregate benefits of unity are more significant than the diversity of opinions about
the policy. The efficiency is equivalent to the condition that any break-up of the country is
Pareto inferior to the current organization in a single country. However, a crucial question
remains of whether efficiency suffices to guarantee stability, i.e., to prevent emergence of
regions prone to secession. To address this issue, assume, first, that no government (of
existing or new country) makes use of transfer policies and the public decision-making is
reduced to the choice of policy determined by majority voting. A region can secede when
all its citizens favor secession; there is a unanimity requirement but no approval from the
rest of the country is needed.* The country will be called laissez faire stable, if public policy
determined through the mechanism of majority voting is immune against any possible threat
of secession.

The first question raised in this paper is when efficient nations are (laissez faire) stable.
If any efficient nation is stable, there is a strong argument against transfers as a necessary
instrument to sustain efficiency. On the other hand, one should seriously contemplate intro-
duction of transfers schemes if an efficient country fails the stability test. Our result shows
that if the degree of polarization of citizens’ preferences is sufficiently low, efficiency implies
stability. This assertion is consistent with the conclusion of Alesina and Spolaore (1997)
derived in the case of uniform distribution of citizens’ preferences as, indeed, the uniform
distribution exhibits a low degree of polarization within the society. Our next result states,
however, that if the degree of polarization is high enough, then the efficiency and stability
are not reconciled and there are efficient countries that are not stable. This demonstrates

that laissez faire approach fails to prevent secessions in sufficiently polarized cases. Thus, in

4There is a variety of constitutional rules of secessions. For example, even if the majority of Corsicans
voted in favor of secession from France, the secession would not take place without France approving it
via It’s national referendum. Also in Canada, the federal government would have to play a major role in
approving a vote for a secession in Quebec. For a theoretical analysis of the constitutional rules of secession,
see Alesina and Spolaore (1997), Bordignon and Brusco (1999), Dreze (1993), Jéhiel and Scotchmer (1997).



order to eliminate the gap between efficiency and stability, one should carefully re-examine
the issue of transfers.’

We also examine a scenario where decisions both on the national policy and on transfers
are equilibrium outcomes of a political process. Following Alesina and Spolaore (1997), we
assume that if a group of citizens forms its own country, both the policy and the compensation
scheme are decided through majority voting. We introduce the concept of political stability
to deal with this new situation: in the country, or in any region contemplating secession,
the equilibrium compensation scheme can be different from laissez faire allocation. We show
that, if the degree of polarization is sufficiently low, then the laissez faire allocation with
no transfers emerges as the only outcome of the political process. This is again in line
with the Alesina and Spolaore (1997) results derived in the case of the uniform distribution.
However, if the degree of polarization is sufficiently high, even the full compensation, that
results in Rawlsian allocation, may emerge as the only outcome of the political process.
We also demonstrate that a gap between efficiency and stability may still exists under the
modified notion of stability. In particular, we show that, under a high degree of polarization,
an efficient country can be politically unstable. However, political stability can always be
restored via an appropriate transfer scheme.

We now turn to the discussion on Related Literature®. Our framework used here is that
of Alesina and Spolaore (1997). Similar types of models are also employed in Casella (1992),
Casella and Feinstein (1990), Dagan and Volij (2000), Feinstein (1992), Perroni and Scharf
(1999), Wei (1991), Le Breton and Weber (2000), Alesina, Spolaore and Wacziarg (2000),
that focus on heterogeneity of citizens’ preferences. They utilize (implicitly or explicitly)
the Hotelling location model in order to represent the heterogeneity of preferences among

voters over the provision of public goods. Cremer, De Kerchove, and Thisse (1985) develop

Le Breton and Weber (2000) have studied the case where the transfers are allowed both within the
existing country and any region prone to secession. They have shown that, for a large family of distributions,
an efficient country can always design a compensation scheme immune against any threat of secession.

6For survey of some of this literature see Bolton, Roland and Spolaore (1996) and Young (1998).



a model that examines the number and location of public facilities. There is also a literature
including Guesnerie and Oddou (1981), (1986), Greenberg and Weber (1986), Weber and
Zamir (1986), Jehiel and Scothcmer (1997), Wooders (1978) rooted in the Tiebout tradition,
where the heterogeneity of preferences among individuals and the impossibility of lump
sum financing of public group provision lead to the formation of several jurisdictions. The
main focus of these papers is the existence and the characterization of stable partitions of
the individuals into jurisdictions, where equilibrium and stability notions capture various
scenarios concerning the mobility of individuals across jurisdictions and the decision-making
process to determine the level of the public good provision.

Another related group of papers focuses primarily on the heterogeneity in income rather
than individuals’ preferences. The first contribution to this line of research has been made
by Buchanan and Faith (1987) who explore the limits that the threat of secession puts on
the tax burden imposed by the majority (which can consist of rich or poor citizens). This
question is the subject of Bolton and Roland (1997), who develop a model of a two-region
nation with different gross income distributions. Their main focus is on the way that the
threat of secession determines the choice of a purely distributive taxation rate. They assume
that if secession takes place, all gross incomes are deflated by a common factor. Bolton and
Roland show that fiscal accommodation in the union reduces the likelihood of secession, but
by no means prevents the break-up of the nation under all circumstances. In addition, fiscal
accommodation may surprisingly lead to higher taxes. As argued by Persson and Tabellini
(1999), the identification of the equilibrium secession-proof tax rate is not straightforward
due to the fact that individual preferences are not necessarily single-peaked.

The paper is organized as follows. In the next section we present the model and some
preliminary concepts. In Section 3, we introduce the concepts of efficiency and laissez faire
stability. In Section 4, we introduce the class of the distribution functions for which the

bounds for efficiency and stability are derived. In Section 5, we introduce the state our



result concerning the link between degree of polarization and the gap between efficiency and
laissez faire stability. Finally, in Section 6 we examine the issue of voting on transfers and
examine the impact of polarization on the outcome of the political process. The proof of

most of the results are relegated to the Appendix.

2 The Model

We consider a nation whose citizens have preferences over a unidimensional policy space I,
given by the interval I = [0, 1]. We adopt a spatial interpretation of I, where a policy choice is
represented by the location of the government. However, one may consider alternative policy
issues, such as tax rates, composition of public spending, policies towards ethnic minorities,
etc. Each citizen’s preferences are single-peaked and we identify each citizen with her ideal
point in I. The distribution of all ideal points is given by a cumulative distribution function
F, defined over the space I. For the most part, we assume that the distribution gives rise
to piecewise continuous density function f. We denote by A(S) = [, f(t)dt the induced
measure on subsets S of I. The total mass of I is equal to 1, i.e., A(1) = 1.

The nation is organized either in one unified country, represented by the entire interval
I, or it can be partitioned into several smaller countries 57, Ss,...,Skx. We do not impose
restrictions on country formation, and, in principle, every group of individuals S can form
a country. Only for simplicity we require that each country consists of a union of a finite
number of intervals with a positive mass.

Each country chooses a policy in the issue space I. If an individual ¢ is a citizen of country
S, whose government chooses a location p € I, then the disutility or “transportation” cost
incurred by that individual, d(¢, p), is determined by the distance between ¢ and the location

of the government:
d(t,p) = [t —pl.

Each country S has to cover the cost of public goods G(S) which we simply call government
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cost. We assume that the function G(S) is given by:
G(S) = g+ BA(S),

where ¢ is positive and [ is a nonnegative number. Naturally, g represents the fixed compo-
nent of the government cost, whereas BA(S) is a variable component, which is proportional
to the country population size.

Thus, the “aggregate” cost of country S is G(S) + D(S), where

D(S) = min /S d(t, p) f(t)dt

pel

is the transportation cost of the citizens of S. It is easy to verify that the total transportation
cost in the region S is minimized when the government selects its median location m that

satisfies:

/ F(t)dt = / f(t)dt.
SN[0,m] Sm,1]

That is, if M(S) is the set of median locations of country S, then for every m € M(S) we
have
D(S) = /Sd(t, m) f(t)dt.

Since the transportation cost incurred by a citizen is represented by the distance between
her location and the policy chosen by the country to which she belongs, it again points out
to the conflict between heterogeneity and increasing returns to size. On the one hand, a
larger country would require a smaller per capita contribution towards the fixed component
of the government costs g. On the other hand, a larger and more heterogeneous country may
face a larger mass of dissatisfied citizens residing far away from the capital.

We now introduce the notion of a cost allocation, that determines the monetary contri-

bution of each individual ¢ towards the cost of government:

Definition 2.1: For every set S C I, a measurable function z, defined on the S, is called



an S-cost allocation if it satisfies the budget constraint:

/m(t)f(t)dt = G(9).
s
The I-cost allocations will simply be referred as cost allocations.

There is a large domain of cost allocations that provide a different degree of cost burden on
the citizens of the country. For our discussion below, however, the special role will be played
by the laissez-faire allocation that provides no compensation from one citizen to another and

simply divides the total government cost equally among all citizens of the country. That is,

Definition 2.2: The S-cost allocation z%, defined by z%(t) = % for all t € S, is called
the laissez faire S-allocation. Obviously, the laissez faire [-allocation, or simply, the

laissez faire allocation z* is given by z*(¢) = G(I) for all ¢t € I.

We assume throughout the paper that the variable component of government costs [ is
equal to zero, i.e., G(S) = g for each country S. This specification, made for notational

simplicity, does not affect any of our results or proofs.

3 Efficiency and Laissez Faire Stability

The main purpose of this section is to introduce the concept of efficiency and stability.
The problem of efficiency reduces to the following two questions:

- should the nation stay united or be divided into several smaller countries,
- where the governments should be located.

Our discussion in the previous section provides a simple answer to the choice of the
governments’ locations: if a country S is formed, then its government should be located at
one of its medians, and so the country incurs D(S) in transportation costs. To examine the
question whether the country should be united, we introduce the following condition that
formally defines, when, from the perspective of a social planner, it is inefficient to break up

the existing country [ into several smaller countries.
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Definition 3.1: The country I is efficient if for every partition” P = (Sy,...,Sk) of I we

have:
K
D(I)+g <> [D(Sk) + g
k=1
The following result is straightforward:

Proposition 3.2: There is a cut-off value of government costs ¢g° such that the country I

is efficient if and only if g > ¢°.

This result is quite intuitive: to justify the superiority of the country I on pure efficiency
grounds, it has to be the case that the advantages of economies of scale are sufficient to
compensate for the heterogeneity of preferences across citizens. Thus, high government
costs would make it inefficient to break up a united country.

The next result formulates the Minimal Division Principle and is important for analysis
of efficiency of the existing country. This principle asserts that, regardless of any assumption
on the distribution function F', the test of efficiency of country I has to be verified only
against its break-up into two connected countries. That is, if country [ is inefficient, then
there exists a point ¢ € I such that the break-up of I into [0,¢] and [t, 1] would decrease the

total cost in the country I, i.e.,
D(I) +g > D([0,7]) + g + D([t,1]) + g,

g9 < D(I) = (D([0, 1]) + D([t, 1]))- (1)

Thus, we have

Proposition 3.3 - Minimal Division Principle: The cut-off value of government costs
g° is given by
9° = Supye{D(I) — D([0,]) — D([¢, 1])}.

"The partition covers the whole country I and no citizen belongs to more than one country, except,
possibly, those who are located at the end points of the intervals in partition. Since these citizens represent
a zero mass, we will ignore the issue of their “double” citizenship.

10



We now turn to the issue of stability. We assume that decisions on location of the
government and the mechanism of financing its cost result from democratic process and are
made via majority voting. The median voter theorem implies that the government of S
is situated at the location of its median citizen. Following Alesina and Spolaore (1997),
we assume at this point that the cost allocation chosen by the government provides no
compensation to any group of citizens. This is precisely the laissez faire cost allocation,
according to which the burden of the government cost is shared equally across the country
and each citizen in country S pays a tax equal to %

Since the focus of this section is laissez faire allocations, the notion of stability we examine
here is that of laissez faire stability. The country would be stable in this regard if there no
region® S whose laissez faire allocation would be more beneficial for all its citizens than the
laissez faire allocation in the united country I. The country [ is laissez faire stable if it is

immune against any threat of secession.’

Definition 3.4: The region S is prone to secession if there exists a median m € M(.S) such

that:

g
A(S)

d(t,m(I)) +g > d(t,m) + for allt € S. (2)

The country I is laissez faire stable if there is no region S prone to secession. That is,
there exists a median m(I) € M(I) such that for every S and every m € M (S) there
is t € S such that

d(t,m(I)) + g < d(t,m)+ m

The proposition below states that a country is stable if and only if economies of scale are

large enough:

8A subset S of I is a “region” that becomes a country after the secession takes place. Also, in order for
a region S to secede, we require the unanimous approval of its members but not the approval of the rest of
the country.

9This definition of stability is given by rule C in Alesina and Spolaore (1997).
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Proposition 3.5: There is a cut-off value of government costs g;; such that the country is

laissez faire stable if and only if g > gj;.

The next section is devoted to the calculation of the cut-off values ¢g¢ and gj; for the

bounds on efficiency and laissez faire stability derived in this section.

4 Conditions for Efficiency and Laissez Faire Stability

To determine the range of government costs that ensure efficiency and laissez faire stability
we will first identify the domain of cumulative distribution functions to be used in our

analysis. First, we require

SY - Symmetry: The density function f is symmetric with respect to the center, i.e.,

f(t)=f(1—1t) foralltel.

This assumption is quite standard. It implies that the geographical center % of the
country is also the median location in I.

To introduce the second assumption, we need some additional notation. For each t € I,
let L; and R; be the sets of citizens to the left and right of the point ¢, respectively, i.e.,
L; =10,t] and R; = [t, 1]. For the sets L; and R; denote by L(t) and R(t) their respective sets
of median locations. We assume hereafter that they admit nondecreasing and continuous
selections which are differentiable except possibly in a finite number of points. In what
follows, these selections will be denoted respectively [ and r and by their derivatives by 1’

and r’. It is useful to mention that the symmetry of the distribution guarantees that for

every selection [ of L there exists s a selection!® 7 of R such that for every t € I

r(t) +1(1—t) = 1. (3)

ONote that if we assume f to be positive everywhere, then the correspondences L and R are, in fact,
functions and therefore the only possible selections. They are differentiable everywhere if f is continuous
everywhere.
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For simplicity we assume that the set L(1) consists of a single point. Therefore for any

selections ! and r, we will also have : 1(0) =0, [(1) = %, 7(0) =  and r(1) = 1. We assume:

GEM - Gradually Escalating Median: There exists a selection [ such that () <1 on

the interval [0, 1].

We denote by F the set of distribution functions satisfying SY and GEM.

Assumption GEM implies that if we increase the length of the interval L, = [0,¢] by a
small positive number §, then the median of the interval L;;s = [0,¢ + 6] moves to the right
by the increment smaller than 6. Obviously, if the distribution is symmetric the selection r
of R, given by (3), satisfies also /() < 1.

The class of distribution functions satisfying GEM contains the family of log-concave
functions. That class, in turn, includes “truncated” version of a large number of well-known
distributions, such as the uniform, the normal and the exponential, among many others!!.
There are, in addition, distributions functions that are not log-concave but nevertheless
satisfy the GEM assumption, in particular, some classes of bimodal distributions'?.

We now turn to derivations of the threshold values g° and gj; defined in the preceding

section.

Proposition 4.1: If the distribution F' belongs to the class F, then

N 3
() g =54 [ ey
(3)
and!?

(0 gy = Sty cvzs T s (5 — 2 mls, ),

where m(s,t) denotes the rightmost median of the interval [s, t].

1See Bagnoli and Bergstrom (1989), Caplin and Nalebuff (1991), Weber (1992) for details.
12See Le Breton and Weber (2000).
13The formula for g;y holds even for a larger class of distributions satisfying the SY assumption only.
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The reason for computational complexity of the last formula is that, since a threat of
secession should be countered for all intervals [s, t], the supremum is taken over two param-
eters, s and t. If, however, the threat of secession is limited to the most distant regions
(intervals [0,]), the formula for g;; can be substantially simplified. Formally, we say that
the property of significance of distant regions - (SDR) is satisfied if for any region S, which
is prone to secession, the most distant region containing the same mass of citizens A(S) is
also prone to secession. If SDR holds, the supremum in expression (ii) of Proposition 4.1 is
attained when s is equal to zero. A close inspection of the expression for g, also shows that
the range of parameter ¢ can be narrowed to [0,¢*], where t* < % is the unique solution of
the equation % — 2t 4+ I(t) = 0, and so individuals close to the center will never be involved
in secessions. Thus,

F(t) 1

gff = Supogtgt*

This simplified formula cannot always be applied within the class F. As Example A.2

in the Appendix demonstrates, a major threat of secession may emerge from regions in the
center rather than from those on the margins, contrary to the SDR property. To conclude

the section, we provide a sufficient condition on distribution functions to satisfy the SDR

property:**

Proposition 4.2: SDR holds for any symmetric distribution function whose positive density

[ satisfies f(t) > 2f(m(s,t)) for all s,t with 0 <s <t < 1.

5 Polarization and Reconciliation of Efficiency and Sta-
bility

In this section we will examine the issue of reconciliation of efficiency and stability. The

first question to be addressed is whether efficiency of the country I would guarantee its laissez

14This proposition generalizes the results by Alesina and Spolaore (1997) for the uniform distribution and
Weber (1992) for the class of log-concave distribution functions.
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faire stability. In our framework it comes down to the comparison of the cut-off values ¢¢
and gjy. If g° is greater than gj;, then the efficiency of country I would imply its laissez
faire stability. However, if the opposite inequality holds, there is a range of government
costs that yields the efficiency but not the laissez faire stability of I. The objective of this
section is to demonstrate that there is no unambiguous answer to this question. What is
even more important is that the relationship between efficiency and laissez faire stability
crucially depends on the polarization of the citizens’ preferences in the country I. We shall
demonstrate that efficient countries are laissez faire stable as long as the heterogeneity of
nation’s citizens does not generate an excessive degree of polarization of their preferences.

To formally address the issue of polarization one would require a definition of polarization
index. Esteban and Ray (1994) and Foster and Wolfson (1994) (see also Wang and Tsui
(2000)) suggest general principles and offer some particular families of indices of polarization.
However, since they deal with finite distributions, there is some adjustment to be made
for using these indices in the continuum framework. In this paper we adopt the index of
polarization, proposed by Alesina, Baqir and Easterly (1999), that represents the “median
distance to the median”. In our framework it simply amounts to % — l(%), i.e., the distance
between the median of the entire distribution and the median of its left (or right) half.
This index has some desirable properties and is consistent with the first degree of stochastic
dominance shifts. In particular, a symmetric shift of mass of citizens away from the center
towards the margins, 0 and 1, would obviously move the median of the left half of the
distribution, l(%), further to the left and increase the degree of polarization.

Let a be a parameter, satisfying 0 < a < For every a, let F, be the symmetric

1
3

probability distribution on [0, 1] whose density f, is defined as follows:

L if te[0,qu 5t e Ul —a,1]
fa(t) _{ 8 Zf tc (alea)[U2(1+a71}_a)'

Straightforward computations lead to the following median sets of the distribution F, on the

15



interval [0, ¢]:

{L} if telo,a]

{2} if te(a,5*
Lat) =\ {3 -5+ 7} if te ][5 5e]

[a, 5] if te(5%1—-a)

{t} if tell—a,l].

The piecewise differentiable function I, () defined below represents a selection from L,(t) :

L if tel0,aq

5 if te(a,=5*)
L(t) =4 5 -5+ if te[5e 5]

t+%2  if te (8% 1-a)

: if te[l—a,l].

Since I,(t) < 1 for all ¢ € [0, 1], it follows that for all a € (0, 3], F,, satisfies gradual escalation
of the median.

Insert Figure 1 here

Note that in this example, the country consists of three groups, located at the intervals [0, a],
[%7 %“]7 and [1—a,1]. Ifa = %, the distribution F}, is simply uniform on the entire interval
[0,1]. However, if the parameter a decreases, the “homogeneity” within each of three groups
raises, whereas intra-group “heterogeneity gap” widens. This, according to Esteban and Ray
(1994), would lead to an increased degree of polarization within the country.

Indeed, the polarization index we use, denoted by =, yields the following expression for

every distribution function F:
3
1

Ya(l) =

N | —

Thus, the degree of polarization is a decreasing function of the parameter a, and within the

class of functions Fj, the index is lowest when the distribution is uniform at a = This

W=

observation allows to formulate our result concerning the relationship between efficiency,

laissez faire stability and the degree of polarization:

Proposition 5.1: There exists a critical value a* € (0, 3) such that:

1

whenever parameter a belongs to the range [a*, 5], the value of g° is greater or equal

16



to gj;

whenever parameter a belongs to the range (0,a*), the value of ¢¢ is lower than that

of g7

This proposition has several important implications. It states that, within a class of
distribution functions satisfying assumptions SY and GEM, there is a critical degree of
polarization above which efficiency does not imply laissez faire stability and some redistribu-
tion is needed to eliminate possible secession threats. Our result also demonstrates that if a
degree of polarization is below this cut-off value, then efficiency yields laissez faire stability.'®

If an efficient nation is not laissez faire stable, the question is whether it is possible to
find a compensation scheme that would eliminate a threat of secession. To address this
question, we have to modify Definition 3.4 of a region prone to secession. If compensation
schemes are available at the country level, there is no reason to rule them out at the level of
any region contemplating a possibility of secession. Indeed, secessionist activists may well
use them too in order to convince people to join the move. The consistent revision of our

secession-proofness constraints, that into account possible transfers, taken from Le Breton

and Weber (2000), is described below.

Definition 5.2: Consider a cost allocation x and a location of government p. We say that
the region S is T-prone to secession, given x and p, if there exists an S-cost allocation

y and the location of the government of S at pg, such that for all ¢ in S:

d(t,ps) +y(t) < d(t,p) + =(t).

The country [ is T-stable if there is an allocation x and a government location p such

that no region is T-prone to secession.

150ur proposition 5.1 proposition generalizes Proposition 5 of Alesina and Spolaore (1997) for the uniform
distribution. Even though their result is stated in terms of the size of the country, but it can, as well, be
formulated in terms of government costs.
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This definition is analogous to Definition 3.4 of a prone to secession region, except that
now the country as well as the regions have an option to use budget balanced transfers. For
the region S to be T-prone to secession, the regional compensation policy must be budget
balanced and together with the location of the regional government must be unanimously
preferred to the national policy by the citizens in region. If, given (x,p), no region S is
T-prone to secession, then the country I is T-stable and (x, p) is said to be secession-proof.
It can be shown that if (z, p) is secession-proof, then the location of the government is chosen

at the country’s median, and for all regions S the following inequality holds:

/S (d(t, M(D)) + 2()) f(£)dt < D(S) + g.

Le Breton and Weber (2000) proved that a country is T-stable if and only if economies

of scale are large enough. That is,

Proposition 5.3: There exits a cut-off value of g, denoted g7, such that the country I is

T-stable if and only if g > g¢7..

The comparison of gj; and g7 is not obvious. On one hand, compensation schemes
expand the set of options for the country to prevent possible secessions. On the other hand,
a possibility of compensation makes the secession-proofness constraints much more stringent.
The following proposition (see Le Breton and Weber (2000)) states that for the distribution
functions, satisfying assumptions SY and GEM, the two thresholds actually coincide and

there is no gap between efficiency and T-stability:

Proposition 5.4: If the function F' belongs to the class F then the country [ is T-stable

whenever it is efficient. That is, g7 = ¢°.

Propositions 5.1 and 5.4 together demonstrate the main assertion of this paper, claiming
that there are countries where:

- it is socially inefficient to consider a break-up of the country,
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- it is impossible to avoid secessions without using transfers,
- it is possible to avoid secessions if transfers are allowed.

In that respect, we reinforce the necessity of transfers as a secession preventing policy in-
strument. In the next section we discuss the sustainability of compensation schemes through

political institutions of the country.

6 Voting on Transfers

In this section we examine the nature of compensation schemes that may emerge under
the political mechanism of majority voting and relate it to the issue of polarization of citizens’
preferences discussed in the previous section.

We assume that both decisions on the location of the government and the transfer scheme
are decided by a majority voting in the country. For the sake of simplicity, let us further
assume that, within each possible region S, only linear compensation schemes are considered

and we restrict out attention to the S-cost allocation of the type

z(t)=p—a|t—p|,

where p denotes the location of government, p and « are parameters satisfying p > 0,0 <
a < 1. Under this specification, the choice of a high value of a corresponds to a high
compensation for those located far away from p. In particular, a = 1 guarantees every citizen
the full compensation for the disutility of distance that results in Rawlsian allocation. On the
other hand, a = 0 provides no compensation at all and gives rise to laissez faire allocation.

The budget balance constraint [¢ z(t) f(t)dt = g implies that

n(a, §) = %S) + ad(S, p),

where the expression d(S,p) = L lt;f(? g];(t)dt is the average distance to location p in the region

S. Thus, considering compensation schemes, citizens of the country S, in effect, select a

single parameter, the degree of equalization «. This is a two dimensional voting problem
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and, as in Alesina and Spolaore (1997) and Alesina, Baqir and Easterly (1999), we avoid the
issue of existence of an equilibrium by assuming that the voting is sequential. The citizens
first vote on the compensation scheme and then on the location of the government. A voting
equilibrium will be denoted by (p*(.S), a*(.5)).

Note that for any choice of the policies a and p in region S within I, the total cost of
citizen t € S is:

(1—a)|t—p!+ﬁ—l—ad(5,p). (4)

It will sometimes be convenient to present the cost in (4) as

a(d(S,p)— |t —p )+ |t—p| +ﬁ. (5)

By (5), all citizens whose distance from p is more than the country average d(S,p), have
single peaked preferences over o with a peak at 1, whereas all citizens whose distance from
p is less than the country average, have single peaked preferences over o with a peak at 0.
To state our first result concerning the voting equilibrium, we again utilize the polariza-
tion index 7 representing the median distance to the median. To simplify our discussion, let
us assume that for every country S, its median m(S) is uniquely defined. Then for every S

we have:

where, to recall, D(S) is the minimal aggregate transportation cost within S.
For every S, we define the polarization index 7(S) such that represents the median

distance to the median m(S). That is, each of the two inequalities
[t —m(S)] <~(5) and [t —m(S)] = ~v(S)

holds for at least 50% of the citizens of S.
The next proposition characterizes the voting equilibrium in S. It states that the location

of the government at S is always chosen at its median. As far as the compensation scheme
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is considered, the solution is “bang-bang”: if the median distance to the median, v(S) is
smaller than the average distance from the median, %, the equilibrium compensation
scheme entails no compensation and, in fact, results in the laissez faire allocation; but if
the median distance to the median is larger than the average distance from the median,
the unique equilibrium compensation scheme entails full compensation and generates the
Rawlsian allocation. Thus, countries whose degree of polarization exceeds the value %7

sustain full compensation as the only political equilibrium.

Proposition 6.1: Assume that % # ~v(S). Then there exists a unique voting equilibrium
defined by:
p*(S) = m(S)
and

Remark 6.2: Note also that in Proposition 6.1 we do not examine the situation when
% = 7(5). In this case we have a tie between two extreme solutions @ = 0 and
a = 1. (This happens, for instance, when F' is the uniform distribution.) In this case

one may introduce a small administrative cost of public funds, that would break the

tie, as in Alesina and Spolaore (1997), in favor of the laissez faire allocation.

The important question is to determine the equilibrium compensation scheme for the
entire nation. In the case where the function f is symmetric, it is easy to verify that
a*(I) =1 if and only if 1

Q/Oﬁtf(t)dt> z(%), (6)

and the country votes for full compensation if the mean of the distribution on [O 1} is greater

12
than its median on that interval. Whether this is, indeed the case, obviously, depends on
the type of the distribution function and, as the following two examples of the distribution

functions from the class F indicate, the inequality (6) may or may not hold.
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Example 6.3: Consider a quadratic cumulative distribution function, whose density f(¢) is

given by

N[00 |~

(4t if t<
f(t)_{ A—4t if t>
Then QfO% tf(t)dt = %, whereas I(3) = %. Thus, (6) is violated and the laissez fare

allocation a*(I) = 0 is the voting equilibrium.

Example 6.4: Consider the bimodal cumulative function, whose density f(¢) is given by

=1

Then 2 foé tf(t)dt = 2 whereas [(3) = 4-V10 ~ (0.21. Thus, (6) holds and therefore the

) 4

4 .
— 3t @_f t <
£ if t>

[SCI NGV SN
N [—D [

full compensation scheme a*(I) = 1 emerges as the only political equilibrium.

Since the equilibrium here obtained through political institutions, the definition and
analysis of stability conducted in Section 3 should be revisited. Indeed, it should take into
account the compensation schemes a*(7) in the country I and a*(S) for any country S that

contemplates a threat of secession.

Definition 6.5: The region S is p-prone to secession if, given voting equilibria in I and S,
all citizens of S would be better off if S secedes, i.e., the following inequality holds for
all t € S (cf. (4)):

g+ a*(5)D(S5)

(1= o ()t = m()| + T

<1 —=a*(I)[t —=m(I)|+ g+ a*(I)D(I).

The country I is politically stable if there is no region S p-prone to secession.

We immediately observe:

Proposition 6.6: Assume that D(I) # ~(I). Then there is a cut-off value of the government

costs, denoted ¢, such that the country is politically stable if and only if g > ¢*.
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The natural question is whether efficiency and political stability can be reconciled. As
we argued in Section 4, there is an equivalence between efficiency and T-stability, but it is
not clear whether this result would hold if T-stability is replaced by political stability. The
following example, however, exhibits a country that is efficient and T-stable, but is politically
unstable.

Example 6.7: Consider the following symmetric distribution on [0, 1]:

3

region Sy - 75 of the total population located in 0,

region S, - —+

. . 1
1o of the total population located in 3,

region Ss - = of the total population located in 1.

10

Proposition 4.1 yields ¢g¢ = 2—36. Turn now to the issue of secession. For the country I,

m(I) = 3 and since y(I) = 1 and D(I) = [, |t —m(I) | f(t)dt = =, we have o*(I) = 1.

10°

For three regions Si, S, and S3, the choice of « is irrelevant since, if there would be no
transportation costs in the case of their secession.

For regions Sy |J S and S» |J S3, the median is located at 5 and, obviously, a*(S) = 0.

For region S; | JS3, a* is equal to zero and the average distance to the median is %

Then country [ is politically stable if the following four inequalities are satisfied:

o

3 _ 10
10— 3
3 _ 109
10— 4
1

(for regions S U Sy or Sy U S3),

g+ (for regions S or Ss),

g+

L3 10
g 10>

(for region Sy),

J

2

L3 Mg 1
IT10= 76 2

(for region S U S3).
These inequalities are satisfied if g > ¢gP = % Since gP > ¢°¢, it follows that the country I
can be efficient without being politically stable.

It is instructive to point out that in this example a threat of secession comes from the

center Sy. Indeed, the more distant regions S; or Ss, have sufficient number of citizens to

enforce full equalization through the voting mechanism if joined by the central region 5.
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We will show now that efficiency can be restored through the transfer mechanism. Con-
sider a symmetric cost allocation that assigns the total cost x to every citizen in regions S
and S3 and y to every citizen in region Ss. To be immune to the threat of secession, has to

satisfy the following list of inequalities:

2 10 1
r+ 2 =9 (budget constraint),
3 6 2
10 ) .
x < = (secession threat of regions S; or Ss3),
10g . .
y < 1 (secession threat of region Ss),
4 10 1
T+ ?y < 5 + 5 (secession threat of regions Sy U Sy or Sy U S3),
10 1
< ?g + 3 (secession threat of region S} U S3).

From the first and the last inequalities we obtain y > 0. That is, the citizens in S, must
make a nonnegative contribution. Since x = 1—29 + % — %y the three intermediate inequalities
yield

dg )

3
Loy <y<

(See Figure 2).

Insert Figure 2 here

We can see that a solution to (7) exists if and only if g is greater or equal to the value 2—36 =q°
where point where the two lines intersect. This demonstrates that we can restore efficiently
by using transfers, i.e., an efficient country is T-stable. Figure 2 identifies the values of y that
allow prevention of secession threats. It is interesting to note that, under moderate effects of
economies of scale (g is close to ¢¢), there is a narrow range of secession-proof compensation

schemes.
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7 Appendix

Proof of Proposition 3.3: First observe that the definition of efficiency implies that
we can restrict our attention to intervals only. Indeed, we always can reduce the total
transportation cost in a partition consisting of disconnected regions by rearranging them

into connected ones. Moreover, by (1), for every ¢t € I, we have
9° = Supier(D(I) — D([0,1]) — D([t, 1])).

Denote

O(t,s) = D([0,¢]) — D([0, s]) — D([s, t])

for all s,t € I with s <t and
U (t) = SupseoyD([0,t]) — D([0, s]) — D([s, ¢]) (8)

for all ¢ € I. The supremum in (8) is attained at a median of the interval [0, ¢].
For almost every point ¢, at which the function f is continuous and positive, both [(t) =

m(0,t) and m(l(t),t) are determined uniquely. Thus, the envelope theorem implies that

V'(t) = [m(l(t),t) = L(1)]f(t) > 0.

If ¢ is such that f is equal to zero in its neighborhood, then W’(¢) = 0. The set of points for
which none of these two properties holds has the Lebesgue measure zero. Therefore W'(¢) > 0
for almost all ¢t € I, and hence ¥ is a non-decreasing function.

Now take any ¢t € I and any partition {[sq,s1),[s1,52),.--,[Sk—1,5k]} of [0,%] into k
consecutive intervals with sp = 0 and s = ¢. We will prove by induction on k that g > W(1)
implies:

Sz 1781 9)7

||M»

or, equivalently,

M»

(k—1)g > D([0,]) ([si-1, si])- (9)
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The monotonicity of ¥ implies that W(¢) < ¥(1), and so the claim is true for k = 2. Let

D([0,1]) — Z(D([SiA’ si]) =
[D([0,t]) = D([0, sr—1]) — D([sr—1,t])] + [D([0, s1-1]) — ) (D([8i-1, 8])]

i=1

Invoking the monotonicity of ¥ again, we conclude that the first term on the right hand side
is smaller than ¢, and, by the induction hypothesis, the second term on the right hand side
is smaller than (k — 2)g. Thus, inequality (9) follows. The general claim of the proposition

follows by applying the above inequality for ¢t = 1. 2

We will use the following lemma, which allows us to restrict our analysis of possible
threats of secession to intervals whose endpoints are located on the same side of the median

m(I):

Lemma A.1: If a region S is prone to secession, then either S C [0,m(I)] or S C [m(),1].

Moreover, there exists an interval 7" prone to secession such that A(7') = A(S).

Proof: Let S be a region prone to secession and assume, without loss of generality,
that m € m(S) satisfies m < m(I). Then t € SN [m(I),1] would imply 3 T (E—m) =
g+ (t —m(I)), contradicting our assumption of S being prone to secession.

Now let S C [0,m(I)] be a region prone to secession when government of S choos-
ing its location at m € m(S). Let now T = Ty U Ty with Ty = [a,m], T» = [m,b], and
AMTY) = NTy) = @ Since, by construction, m € m(7T), A(T') = A(S), and b < Sup;est, we

conclude that 7T is prone to secession 2

Proof of Proposition 3.5: The definition of laissez faire stability implies that if I is
laissez faire stable for some g, it is also the case for any ¢’ > ¢. Thus, it suffice to show that

there exists a value of g for which I is laissez faire stable.

26



Assume that for some value of g, a region S is prone to secession. Inequality (2) can be

rewritten as

d(t, m(D)) — d(t,m) > g(%s) _). (10)

Lemma A.1 implies that either S C [0,m(I)] or S C [m(]),1]. Since S is located on one
side of the median m(I), we have d(t,m(I)) — d(t,m) < Max(m(I),1 —m(I)) < 1 for all
m e M(S) and all t € S.

However, since A(S) < 3, it follows that if g > 1, the inequality (10) is violated for S.

Thus, for g > 1 no region is prone to secession and I is laissez faire stable. 2

Proof of Proposition 4.1: (i) Proposition 3.3 implies that ¢¢ = W(1), where ¥ was

defined by (8). Since f is symmetric, we have:

¥(1) =2 [ (G =0t - InfieT ),

where
10 ¢
Iw>=tﬁ<wwwvww+45&4ww@w

r(t) 1
+/t (r(t) —s)f(s)ds + /T(t)(s —r(t))f(s)ds.

Simple calculations show that at almost every point ¢ at which f is continuous and positive,

I(t) = (2t = U(t) = r(1)) f (1)

If ¢ is such that f is equal to zero in its neighborhood, then clearly I'(¢t) = 0. Since F
satisfies assumptions SY and GEM, it follows that I'(t) < 1, and, by (3), r'(¢) < 1. Thus

(2t — I(t) — r(t)) is non-decreasing and is equal to zero at 3. This implies that I"(¢) is non-

positive almost everywhere on the interval [0, %] and is non-negative almost everywhere on

the interval [%, 1]. Therefore I' attains its minimum at the point %
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As a result,
21 ) q 2 1
(1) =2 [ [ G-nswa [ ag -orwa- | K 1(5))f(t)dt] ,
that can be simplified to

MU:%—4AZU@ﬁ.

(ii) By Lemma A.1 and the symmetry of f, we may consider a threat of secession only by
intervals [s, ] with 0 < s <t < 1. Take any pair s,¢ € [0, 3] with s < ¢. The region S = [s, ]
with a positive mass is not prone to secession if and only if the citizen ¢ is better off in the
unified country than in the region [s,¢], with capital at its rightmost median m(s,t). That

is,

g+ (% —t) < Ft) — F(s) + (t —m(s,t)),
gzlfggfgﬁé—%+m@®y
Thus,
gip = SuPo<scict 1 f(l?(t;—l:(]izs) (% — 2t +m(s,1)).
2

Proof of Proposition 4.2: Since f is symmetric, it suffices to consider regions S = [s, ¢]

with 0 < s <t < %, and, since f > 0, m(s,t) is uniquely defined. We want to prove that

if S is prone to secession, then the region T = [0,c] with A\(T)) = A(S) is also prone to
secession. To this end, fix any ¢ in (0, 1) and consider all intervals [s, b(s)] C [0, 1] such that

A([s,b(s)]) = t, or, equivalently, F'(b(s)) — F(s) =t.

Since F' is differentiable, implicit derivation yields:

b(s) = L) (11)
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By definition, g(s) = m(s, b(s)) is the unique solution of the equation

F(s) + F(b(s))
2 )

F(g(s)) =

and so, after implicit derivation and the use of (11),

(12)

Now suppose that [s, b(s)] is prone to secession. Take € > 0 small enough and move s to the
left by €, while maintaining the measure of the interval, i.e., consider [s — €, b(s — €)]. Since

[s,b(s)] is prone to secession,

To prove that [s — €, b(s — €)] is also prone to secession, it suffices to show that b(s — €) finds
it profitable to secede, i.e.,

g¥<%—26(s—e)~l—g(s—e)

But

% (s —€) + g(s — @} - E — %) + g(s)] — e[20/(s) — g'(s)] + O(2)

Therefore, it is enough to prove that:
20'(s) — g'(s) = 0,

or, using (11) and (12), that
f(b(s)) < 2f(g(s)).

Since g(s) = m(s, b(s)), this last inequality follows from our assumption on f. 2

Example A.2 - Threat of Secession from the Center: Let z,y be positive numbers

with z <y < % Consider the following!® distribution, which, obviously, is not log-concave

16The distribution here contains “atoms”. It can be approximated by distributions with a positive density
displaying the same features but the required algebra would be too tedious to present it here.
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(see Figure 3):

region S; - 12% of the population is in 0,
region Sy - 12% of the population is in z,
region Sz - 20% of the population is in y,
region Sy - 12% of the population is in £,

region S5 - 20% of the population is in

|
|
=

N NI

region Sg - 12% of the population is in

[
8

region Sy - 12% of the population is in 1.
If we consider only the intervals with the endpoint at 0, the cut-off value of g is the lowest
value of g for which the regions Sy, S; | Sz and Sy |J Sz |J Ss are not prone to secession. Thus,

the following three inequalities hold:

100 S —I—l 100 S —1—1 100 . S +1
— = oo - =T, —/— —x — — .
pI=9ITy 592975 T ITY Z9T5 7Y

After rearranging the terms, we obtain

33 6 11 22
> Maz(—=. = — 20 22 222y — 2)). 13
9= Maz(7, 76 = 197 55 ~ 55 & — 7)) (13)

On the other hand, the region consisting of Sy and S5 is not prone to secession if

48
> = _° 14
9=17 179 (14)

Now choose g = 0.157 and y = 0.164. Then inequality (14) is violated. However, it is easy to
verify that inequality (13) is strict as long as 0.003 < z < 0.027. Thus, for these parameter
values, the region Sy | J S3 is prone to secession whereas the regions containing S; are not.
The intuition here is clear. The individuals located in 0 would like to join the region
Sy |J S5 prone to secession. However, they cannot commit, once in, to maintain the location
of the seceding government at = + y. Instead, by joining in, the region S; would shift the
median of the new region from x 4 y to x. This shift, however, is going to be rejected by the

region S3 that would be unwilling to join the secession.
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Proof of Proposition 5.1: Let us compare the values of ¢° and ¢¢. First, we calculate

g°. By (i) of Proposition 4.1,

Since l,(3) = 22, we have

Now turn to gj;. It is easy to see that the SDR property holds. Moreover, % —2t+1(t) <0
whenever ¢ > 15%. Furthermore, note that [,(t) is constant on the interval (a, 5%). Thus,

by (ii) of Proposition 4.1,

. Fit) 1
glf = SuptE[O,a} 71 — F(t) (5 — Qt + l(t))
or
t 2
= 1 t t—3t
=M =0 (= =24+ )=M A=
iy aTtelo, 17— 3_1‘;1 (2 + 2) aTelo, }2(361 —1)

Note that the maximum of the last expression, t™, is given by

m a if 0<a<
S 3a—V9%?—a if t<a<

By substituting the expression for ¢ to derive g;;, we obtain

LUt =

s [ 3% if 0<a<
Gip = 9a —3v9a2 —a— 1L if %Sag

2

WOt

Insert Figure 3 here

Thus, the functional expression for gj; consists of two parts, linear and non-linear in a. By
comparing the values of g° and gj}, it remains to observe that only the linear part of g;;

intersects the curve for ¢g¢ and that the intersection occurs at a* = % (see Figure 4). Thus,

2

S e
g°>g°fora< f,

whereas ¢° < ¢° for a > % 2

Proof of Proposition 6.1: Suppose that the value of o has been determined in the

first stage of voting and let us examine the second stage where the government location p
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is selected. If a has been chosen equal to 1, then, by (4), the preferences of all citizens
over locations in I are identical and every ¢ would choose m(S) to minimize the average
transportation cost. Let a < 1. By (4), the total cost of a citizen t € S consists of
two variable components: her own transportation cost, (1 — «)|t — p|, and the average
transportation cost in S, d(S,p). In terms of her own transportation cost, the preferences of
individual ¢ over locations are single peaked, with ¢ being her ideal point. Since all citizens
wish to minimize the average transportation cost, the median voter theorem immediately
implies that the only second-stage equilibrium is the median location p* = m(S5).

Now let us turn to the first stage. Since p*(S) = m/(S), it follows that if v(5) is less than
the average distance to m(S) within S, then, by (5), the majority of the citizens in S will
support a = 0, whereas if (5) is greater than the average distance to m(.S) within S, then

the majority of the citizens in .S will support v = 1. 2

Proof of Proposition 6.6: Note that, by (4), the condition for a region S to be p-prone

to secession can be rewritten as

g +a*(S)D(S)
A(S)

+ (1 —=a"(9)t—m(S)| <g+a*(I)D(I)+ (1 —a*(I))|t — m(I)|.

Since A(S) > 1, it immediately implies that if region S is not p-prone to secession when the
value of government cost is g, it is also not p-prone to secession for all values of ¢’ greater
that g. Thus, it remains to show that there exists a sufficiently large value of g for which
the country I is politically stable.

Take now any positive number ¢ < 1. The above inequality implies that if a region S

with A\(S) < 1 — € is p-prone to secession then

A(S) 1—e¢
ISTNS) ~ e

Thus, by setting g > % we eliminate a threat of secession by “small” regions that allows

us to focus on those with A(S) > 1 —e.
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Consider first the case where a*(I) = 0 and let € be chosen in such a way that o*(S) =0
for all S with A\(S) > 1 —e. Since no compensation takes place, the value of the government
costs gjy would prevent a threat of secession.

Finally, let a*(I) = 1. Again, choose ¢ > 0 such that for any S with A(S) > 1 — € would

have a*(S) = 1. S will be p-prone to secession if

%1;5) < g+ D(I),
A(S) D(S)

g9 < m( (1) — m)-
Since D(I) < [; [t —m(S)|f(t)dt, it follows S will be p-prone to secession only if

g< % /I\S [t — m(S)|f(t)dt < A(S) < 1.

To complete the proof, it suffices to observe that the cut-off value gP can be chosen as the

largest number among the three: 1, 126

and gj;.2
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